
Differentiating by first principles 
This lesson builds on students’ understanding of gradients as rates of change to introduce the first principles formula. Students are explicitly taught how to apply this formula to differentiate. 
Students will need at least one digital device per pair to interact with GeoGebra during this lesson.
Learning intention
To be able to differentiate using first principles. 
Success criteria
I can substitute values into a function. 
I can evaluate  for a variety of functions.
I can use first principles to find the derivative of a quadratic function.


Outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01 
interprets the meaning of the derivative and determines the derivative of functions to solve problems MAV-11-06
Content
The derivative
Refer to  as the derivative of  or the gradient, or derived, function of 
Define the derivative of the function 𝑓(𝑥) from first principles, as the limiting value of the gradient of the secant as ℎ approaches zero, when this limiting value exists, and use the notation 
Use first principles to find the derivative of quadratic functions
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Table 1: lesson summary 
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Retrieval practice
	Using slides 4 and 5 of the PowerPoint Differentiating by first principles, have students substitute values into the function  and find . 
	Mini whiteboards
	Students’ knowledge of function notation and substituting into functions is reactivated

	Activating prior knowledge
	Using slide 7, revisit secants, tangents and gradients of 2 points. Students find the gradient of the secant using function notation.
	Think-Pair-Share
	Students have seen this diagram in previous lessons and are familiar with secants, estimating rates of change and tangents being the rate of change. 

	Connecting learning
	Model the GeoGebra (bit.ly/h_approch0) activity and have students explain what happens as  approaches 0. Students’ knowledge of the diagram from the previous section is connected to the formula for first principles on slide 9.
	Think-Pair-Share
	Limit notation is linked to the movement of the  slider towards zero. 

	Releasing responsibility
	Slides 11–12 are used to model worked examples and students use Appendix A to practise. They then make notes by annotating their practice questions. 
	Worked examples (Your turn)
Faded examples
Notes to future self
	Slides 13–20 chunk the first principles solution into 4 parts.

	Independent practice
	Students use Appendix B to predict and then confirm derivatives using first principles. 
	Pose-Pause-Pounce-Bounce
	Differentiating a cubic function from first principles is beyond the scope of the syllabus.



Activity structure
Please use the associated PowerPoint Differentiating by first principles to display images in this lesson.
In previous lessons, students have discovered that the gradient of a secant line can be used to approximate the rate of change, while the gradient of the tangent line represents the actual rate of change. They have concluded that as the horizontal distance between the 2 points where the secant meets the function become smaller, the approximation of the tangent improves. 
Retrieval practice
Display slide 4 of the PowerPoint and have students substitute into the function using mini whiteboards (bit.ly/miniwhiteboards). Students should discuss their solutions with a neighbour.
Animate the slide to reveal solutions.
Display slide 5 which asks students to evaluate . Have students substitute into the function using mini whiteboards and discuss their solutions with a neighbour.
Animate the slide to reveal solutions. 
Activating prior knowledge 
1. Display slide 7 of the PowerPoint and in a Think-Pair-Share (bit.ly/thinkpairsharestrategy), have students answer the self-explanation prompts. 
The red line is the tangent and represents the rate of change at the point, and the blue line is a secant and is an estimate of the rate of change at the point. Students were exposed to this GeoGebra representation in Lesson 2 – instantaneous speed.
The coordinates are  and .
Ask students to use the formula  to find the gradient of the secant between the 2 points  and  Encourage students to simplify this gradient function. 

Connecting learning
1. Open the ‘Differentiation by first principles’ GeoGebra activity (bit.ly/h_approch0) and gradually reduce the value of from 1.5 to 0.
Repeat the demonstration, then use the Think-Pair-Share strategy to have students discuss and explain what they observed in the diagram.
Students learned in Lesson 5 – introducing the derivative that by moving the value of  towards zero, the secant line between the 2 points approaches the gradient of the tangent line. 
Display slide 9 of the PowerPoint which models the first principles formula alongside the GeoGebra diagram. Tell students that this is the first principles formula and we use it to find the derivative of a function. 
Remind students that the notation  means the derivative of the function or the gradient value. 
Use a Think-Pair-Share activity to prompt students to make connections between the formula and the diagram.
Animate the slide to highlight the gradient part of the formula and ask students to describe where they think this part of the formula originates.
Students should be able to identify this part of the formula as representing the gradient of the secant line between 2 points on the curve.
Animate the slide again to highlight the limit notation in the formula and the slider in the GeoGebra diagram. Explain to students that this notation is how we mathematically express the idea that  approaches zero.
Releasing responsibility
1. Use slides 11–12 of the PowerPoint to model using the Worked examples (Your turn) method (bit.ly/supportingstrategies) to find the derivative using first principles. Animate the screen to display self-explanation prompts and to reveal the solution.
Slides 13–20 present the concept of first principles broken down into a series of scaffolded steps, each modelled individually. Teachers may choose to introduce first principles either as a complete concept or gradually, step-by-step.
Students are to complete the faded worked examples (bit.ly/fadedexamplesstrategy) in Appendix A ‘First principles faded examples’. These gradually release responsibility and model communicating mathematically.
Allow students time to practise from an existing resource, extending them by adding more complex quadratics such as non-monic or trinomials.
Have students annotate their faded examples worksheet, adding notes to their future forgetful selves (bit.ly/notestofutureself) to help them recall the process of using first principles to find the derivative of a function. 
Independent practice
1. Distribute Appendix B ‘Exploring derivatives using first principles’ and have students work through each part in pairs.
The syllabus only requires students to find the derivative of quadratic functions by first principles. These questions can be modified but attempt to combine student predictions with the practices. 
After each part, bring students back together and use the Pose-Pause-Pounce-Bounce questioning strategy (PDF 557 KB) (bit.ly/posepausepouncebounce) to unpack students’ responses and check for understanding.


Assessment and differentiation
Suggested opportunities for differentiation
Retrieval practice
The function and the function values can be modified to suit the varying readiness levels of your students.
Activating prior knowledge 
Students may benefit from labelling the points as ,  and  and then apply the gradient formula.
Connecting learning
Students can be challenged beyond the syllabus by exploring a deeper understanding of limits.
Students may benefit from revisiting the meaning of derivative and differentiation.
Releasing responsibility
First principles can be introduced using slide 13–20 which scaffolds the ‘Your turn' activity.
Scaffolding can be adjusted or removed to suit varying levels of student readiness.
Students could be challenged to consider functions containing fractions with the pronumeral in the numerator, then the denominator. 
Independent practice
The complexity of the questions can be adjusted to align with students' level of understanding. 
Students may benefit from been provided with the expansion of 


Suggested opportunities for assessment
Retrieval practice
Students’ responses will demonstrate their proficiency in substituting values into a function, using brackets correctly and combining like terms.
Activating prior knowledge
Students’ answers to self-explanation prompts can provide insight into their understanding of secants and tangents as representations of rates of change.
Students’ skills in substitution and simplification can be evaluated when they calculate the gradient of a secant.
Connecting learning 
Students’ responses to the Think-Pair-Share should be used to assess their understanding of finding the gradient at a point.
Releasing responsibility
Students’ answers to the self-explanation prompts and ‘Your turn’ questions should be used to guide understanding and readiness to progress further. 
Students’ response to Appendix A could be used to assess students’ ability to differentiate by first principles and readiness to progress to less scaffolded questions. 
Independent practice
Students’ response to independent practice questions should be used to assess students’ knowledge of gradient as the derivative. 
The ‘Independent practice’ could be used to assess students understanding of straight lines and gradients. 
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1. 
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Exploring derivatives using first principles
1. Linear function 
What does the derivative represent? 
Predict the derivative of .
Use first principles to prove your prediction.
Constant function 
Draw a graph of .
What is the gradient of this line? Explain your answer using the formula .
Use first principles to find the derivative of this function.
Cubic function
Predict the derivative of each of the questions below and then use first principles to confirm your prediction. 
1. 
1. 
Using your results from a and b, find the derivate of .

Sample solutions
Appendix A – first principles faded examples
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Appendix B – exploring derivatives using first principles
1. Linear function 
What does the derivative represent? The derivative represents the rate of change. 
Predict the derivative of . 

Constant function 
The gradient is zero because the equation is actually .

Cubic function
1. 


1. 
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