
The second derivative and points of inflection
Students recognise that  identifies only a possible point of inflection and they use changes in concavity to determine whether a point of inflection exists. They connect the algebraic sign analysis of the second derivative with graphical behaviour to determine and justify which possible points are points of inflection.
Learning intention
To understand how the second derivative can be used to identify possible points of inflection. 
Success criteria
I can use the second derivative of a function to find possible points of inflection algebraically. 
I can determine concavity by analysing the sign of the second derivative. 
I can justify whether a point is a point of inflection by showing that the concavity changes.


Outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01  
applies calculus to graph functions and model and solve problems involving optimisation, rates of change and motion in a line MAV-12-06
Content
Turning points, inflections and graphing
Define a point of inflection on a curve as a point where the concavity changes
Analyse the value of  either side of the roots of , and use the resulting concavities to identify which zeroes of  are points of inflection
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Table 1: lesson summary
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Retrieval practice
	Students complete the activity on slide 4 of the PowerPoint The second derivative and points of inflection.
	Mini whiteboards 
Pose-Pause-Pounce-Bounce 
	Students revisit differentiation skills and connect how the first and second derivatives influence the behaviour of a function. Emphasise accurate application of differentiation rules and the effect of repeated differentiation on the degree and form of a function.

	Activating prior knowledge
	Students complete the matching graphs activity in Appendix A by matching graphs of and ). Students justify their matches by referring to concavity.
	Pose-Pause-Pounce-Bounce
	Use the activity to reinforce the relationship between ,  and  before students use  algebraically. Emphasise that  describes the gradient of the function, whilst  describes how that gradient is changing and is used for concavity.

	Connecting learning
	Display the Desmos Calculator (bit.ly/secondderivative) to observe the graph of the second derivative and for students to estimate where points of inflection occur. They compare their estimates with the algebraic solution on slide 6. Using slide 7, students find possible points of inflection algebraically. Slides 8–9 are used to unpack that not all points where  are points of inflection.
	Think-Pair-Share 
Visibly random groups of 3
Vertical non-permanent surfaces 

	Develop the need for an algebraic process for identifying points of inflection. Emphasise that  identifies only a possible point of inflection. A change in the sign of and therefore a change in concavity, is required to establish a point of inflection.

	Releasing responsibility
	Explain that a point of inflection occurs when both  and the concavity changes. Students complete the derivative graph table in Appendix B, with solutions provided on slide 11. Students then complete Appendix C, using the formal NESA definition displayed on slide 12. Use slides 13–14 to model the process of determining points of inflection and students then complete a banner task using Appendix D.
	Frayer diagram
Visibly random groups of 3
Vertical non-permanent surfaces
Banner task
	Formalise the connection between the graphical definition of a point of inflection and the algebraic test using the second derivative. Reinforce the process: find , solve 
, test the sign of  on either side, and determine whether concavity changes. Highlight that  is necessary but not sufficient to establish a point of inflection.

	Independent practice
	Students complete the Less, same, more activity in Appendix E by sketching curves with first and second derivative values that differ from the given curve at the marked point. Students compare their sketches with a peer and justify their choices.
	Less, same, more
	The Less, same, more task requires students to distinguish between the gradient of a function and how that gradient is changing, strengthening their understanding of the relationship between  and the shape of a curve.
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Activity structure
Please use the associated PowerPoint The second derivative and points of inflection to display images in this lesson.
Retrieval practice
Students need to be able to differentiate a variety of functions such as polynomials, exponentials, logarithms and trigonometric functions. You may wish to use existing resources to practise these skills prior to beginning the activities in this lesson.
Display slide 4 from the PowerPoint and ask students, using their mini whiteboards (bit.ly/miniwhiteboards), to find multiple solutions to the problem displayed. Encourage students to compare answers and look for patterns in the types of functions that satisfy the conditions.
Use the Pose-Pause-Pounce-Bounce questioning strategy (bit.ly/P-P-P-B) to connect the task to the relationship between a function, its first derivative and its second derivative. Some suggested question prompts include:
What did you need to control in your function?
How did the first derivative influence your choices?
How did the second derivative influence your choices?
What patterns did you notice in successful responses?
Activating prior knowledge
1. Distribute Appendix A ‘Matching graphs’ which has cards showing graphs of , and , to each pair of students. Before matching the cards, ask students to examine the graphs and identify any points where the concavity appears to change. Have pairs describe what they notice about the shape of the curve on either side of these points.
1. Ask pairs to match each function with its first and second derivative.
Students will need to cut out the individual graphs before use or they could group them by using colour or symbols. 
Students have previously learned how to graph  and  when given only a graph of  in Lesson 3 – introduction to the second derivative.
1. Use the Pose-Pause-Pounce-Bounce questioning strategy to probe student thinking about the relationships between the graphs. Suggested prompts include:
What does the sign of  tell us about the concavity of ? 
What do you notice about the graph of  where the graph of  changes concavity?
Does the gradient have to be zero at a point of inflection?
Connecting learning
1. Display the Desmos Calculator ‘The second derivative and points of inflection’ (bit.ly/secondderivative) which shows the graph of the function .
Teachers can hide the left side panel by using the double arrows at the top of the panel.
In a Think-Pair-Share (bit.ly/thinkpairsharestrategy) have students identify the points of inflection and estimate the -value of these points.
Slowly drag the point along the curve and explain that the graph of the second derivative is being formed. Ask students to say ‘stop’ when they think the point is at a point of inflection. 
The function has 3 points of inflection. Draw students’ attention to the fact that one is a horizontal point of inflection, while the other 2 are non-horizontal points of inflection.
Select non-volunteer students to share what they notice about the graph of the function and the graph of the second derivative at each point of inflection. Engage in a class discussion to compare the horizontal and non-horizontal points of inflection, for example:
What is different about the gradient of the original function at these 3 points?
What feature do all 3 points of inflection have in common?
Using the graphs from the Desmos activity as stimulus, in a Think-Pair-Share, ask students to consider the question ‘How could we find a point of inflection without using the graph?’ 
Establish that the graphs suggest a relationship between points of inflection on  and zeroes of . To find a point of inflection algebraically, students first need to know the equation of the function. They can then differentiate the function twice and solve  to identify the -values where points of inflection may occur.
Display slide 6 which shows the -values where the second derivative is equal to zero and have students compare these with their initial estimations. 
Discuss that, while graphs can help estimate the location of possible points of inflection, algebraically solving  provides an accurate way to identify the -values that require further investigation.
Display slide 7 which shows 3 functions and have students work in visibly random groups of 3 (bit.ly/visiblegroups) at vertical non-permanent surfaces (bit.ly/VNPSstrategy) to determine algebraically where possible points of inflection occur for each function. 
The third function does not contain a point of inflection. Students may initially identify it as a point of inflection after solving . This is intentional, as students will discover that  identifies possible points of inflection only and that a change in concavity must be confirmed. 
Groups should identify a possible point of inflection at:



Display slide 8, which shows the graphs of each of the 3 functions from the previous slide. Remind students that a point of inflection is defined by a point on a curve where the concavity changes. 
Students do not need to be able to graph these curves themselves, the graphs are provided to support conceptual understanding of why  identifies possible points of inflection only.
Ask students to compare their algebraic answers with the graphs and identify any discrepancies.
Students should identify that the third function does not have a point of inflection at the origin. 
Display slide 9, which shows the graph of the second derivative for each of the 3 functions. In their groups ask students to discuss how the graph of the second derivative shows that the concavity does not change at the origin for the third function. 
Through class discussion, establish that solving  identifies only a possible point of inflection. A point of inflection exists only when the sign of , and therefore the concavity, changes on either side of the point.
Releasing responsibility
1. Formalise the process students discovered during the Connecting learning activity.
A point of inflection requires a change in concavity. The second derivative equalling zero indicates a possible point of inflection, but further checking is required. The second derivative equalling zero is necessary, but not sufficient to establish a point of inflection.
Use the Pose-Pause-Pounce-Bounce questioning strategy to explore student reasoning. Some suggested prompts include:
Why do we solve ?
Why is  not enough to prove a point of inflection?
What does  or tell us about the original function?
What must happen to the sign of  for there to be a point of inflection?
1. Distribute Appendix B ‘Derivative graph table’ and have students individually fill out the table by sketching graphs in each section. 
Ask students to compare their sketches with a partner and explain their reasoning. 
Display slide 11 which shows a completed version of the table and ask students to annotate their own table using a different colour, identifying the features of each graph and comparing a point of inflection with a horizontal point of inflection. Draw attention to the bottom row and ask students to explain how the value of  distinguishes the two cases.
Distribute Appendix C ‘Frayer diagram’ (bit.ly/frayerdiagram) and explain that students will use it to consolidate their understanding of a point of inflection.
Display slide 12, which shows the NESA definition for a point of inflection. Have students record the definition in the appropriate section of the Frayer diagram, then complete the remaining sections by identifying facts or characteristics, an example and a non-example.
Use slides 13–14 to model the complete solution for 2 functions from the Connecting learning activity for students to understand the algebraic process of determining possible points of inflection and checking that concavity changes.
Students are to work in their visibly random groups of 3 at vertical non-permanent surfaces to complete the banner task (bit.ly/supportingstrategies) from Appendix D ‘Banner task’.
Independent practice
1. Distribute Appendix E, ‘Less, same, more’ to each student and have students complete the table by creating sketches where the first and/or second derivative is less, same or more than the image in the middle.
1. Have students discuss their sketches with a peer, justifying each of their solutions.


Assessment and differentiation
Suggested opportunities for differentiation
Retrieval practice
Have students create their own Open middle problem, similar to the example and share it with the class to solve.
Activating prior knowledge 
Reduce the number of graph cards initially, then add the remaining cards once students have established the relationships
Extend students by asking them to justify each match using increasing/decreasing behaviour, stationary points and concavity rather than visual similarity alone.
Connecting learning 
Use the Desmos activity to support students’ understanding before moving on to algebraic methods. 
Releasing responsibility
Provide one completed example in the derivative graph table for students who need support interpreting the row and column conditions.
Extend students by asking them to create an additional example for one cell of the table and explain why it belongs there.
Independent practice
Ask students to create an additional curve that satisfies the same first and second derivative values but has a different overall shape.

Suggested opportunities for assessment
Retrieval practice
Use mini whiteboard responses to check whether students can differentiate accurately.
Activating prior knowledge 
Observe group discussions during the matching graphs activity to assess whether students can connect  and  
Use Pose-Pause-Pounce-Bounce responses to check whether students understand that the sign of  describes the behaviour of 
Connecting learning 
Assess group solutions at the vertical non-permanent surfaces, focusing on whether students solve .
Releasing responsibility
Review students’ completed derivative graph tables to check whether they can represent combinations of gradient and concavity. 
Review Frayer diagrams to assess whether students can distinguish between the formal definition, key characteristics, examples and non-examples of a point of inflection. 
Use the banner task to assess whether students can find points of inflection and justify that concavity changes. 
Independent practice
Collect the Less, same, more responses to identify misconceptions such as confusing increasing with concave up or decreasing with concave down.

[bookmark: _Appendix_A]Appendix A 
Matching graphs
	[image: The graph of a positive parabola with a minimum point at approximately (0,−1). The graph crosses the x-axis at approximately x=−1 and x=1.]
	
[image: The graph of a quartic function with both ends decreasing. The graph has local maximum points near x=−1.5 and x=1.5, and a local minimum point at approximately (0,−2). The graph crosses the x-axis at approximately x=−2, x=−1, x=1 and x=2.]

	
[image: The graph of a cubic-like function with a horizontal point of inflection at the origin. The graph decreases through (0,0), reaches a local minimum near x=1.5, then increases and crosses the x-axis again at approximately x=2.]
	
[image: The graph of a cubic function with a local minimum near (−1.3,−2) and a local maximum near (0.5,1). The graph crosses the x-axis at approximately x=−2, x=0 and x=1.2.]

	
[image: The graph of a cubic function with a local maximum at approximately (0,2) and a local minimum at approximately (2,−2). The graph crosses the x-axis once between x=−1 and x=0, once between x=0 and x=1, and once between x=2 and x=3.]
	
[image: The graph of a polynomial function with multiple turning points. The graph decreases to a local minimum near (−0.5,−4.5), increases to a local maximum near (0.5,2), decreases to touch the x-axis near x=2, continues to a small local minimum below the x-axis near x=2.7, then increases steeply.]



	
[image: The graph of a straight line with positive gradient passing through the origin. The line increases from left to right and crosses the x-axis and y-axis at (0,0).]
	
[image: The graph of a polynomial function with multiple turning points. The graph rises to a high local maximum just left of the y-axis, decreases through the y-axis, crosses the x-axis between x=0 and x=1, reaches a local minimum below the x-axis, then rises to touch the x-axis near x=2. It then dips slightly below the x-axis before increasing steeply.]

	
[image: The graph of a cubic function with a local minimum at approximately (−1,−3) and a local maximum at approximately (1,3). The graph crosses the x-axis at approximately x=−1.7, x=0 and x=1.7.]
	
[image: The graph of a cubic function with a local maximum at the origin and a local minimum at approximately (1,−2). The graph touches the x-axis at (0,0), then decreases before increasing and crossing the x-axis again between x=1 and x=2.]

	
[image: The graph of a positive parabola with a minimum point at approximately (1,−3). The graph crosses the x-axis at approximately x=0 and x=2.]
	
[image: The graph of a negative parabola with a maximum point just left of the y-axis at approximately (−0.3,2.5). The graph crosses the x-axis once between x=−1 and x=0, and once between x=0 and x=1.]



	
[image: The graph of a straight line with negative gradient. The line decreases from left to right and crosses the y-axis at approximately (0,−2).]
	
[image: The graph of a negative parabola with a maximum point at approximately (0,5). The graph crosses the x-axis once between x=−1 and x=0, and once between x=0 and x=1.]

	
[image: The graph of a horizontal straight line at y=2. The line is parallel to the x-axis and does not cross either axis shown.]
	
[image: The graph of a straight line with positive gradient. The line increases from left to right and crosses the y-axis at approximately (0,−6), and crosses the x-axis at approximately x=1.]

	
[image: The graph of a polynomial function with multiple turning points. The graph decreases steeply to a local minimum below y=−10 just to the right of the y-axis, then increases to a local maximum above the x-axis, decreases to a local minimum below the x-axis, and then increases steeply again.]
	
 [image: The graph of a positive parabola with a minimum point at approximately (0.5,−3). The graph crosses the x-axis at approximately x=0 and x=1.]
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[bookmark: _Appendix_B]Appendix B 
Derivative graph table 
Complete the following table by sketching a possible section of a curve for each combination of row heading and column heading.
	
	
	
	

	
	

	
	

	
	

	
	

	
	

	
	



[bookmark: _Appendix_C]Appendix C 
Frayer diagram 

[image: A blank Frayer diagram for the term 'Point of inflection'. The diagram is divided into four sections labelled “NESA definition”, “Facts/characteristics”, “Example” and “Non-example”. The term “Point of inflection” is displayed in a box in the centre of the diagram.]
[bookmark: _Appendix_D]Appendix D 
Banner task
For each function, find any points of inflection and check that concavity changes. 
	Question
	Answer

	
	) and )

	
	

	
	

	
	

	
	

	
	

	
	

	
	

	
	the curve is always concave down, no points of inflection.

	
	 and for all the curve is always concave up, no points of inflection.




[bookmark: _Appendix_E]Appendix E 
Less, same, more
[image: Less, Same, More activity with 9 cells. The columns represent the first derivative at x = 2 and are labelled from left to right as less, same, more. The rows represent the second derivative at x = 2 and are labelled from top to bottom as less, same, more. In the centre cell is a graph  with a horizontal point of inflection at the point (2,2) and local maximum stationary point at approximately (3, 3.75). Other cells are blank.]Complete the following Less, same, more table by drawing a neat sketch in each cell. 


Sample solutions
Appendix A – matching graphs
	[image: The graph of a positive parabola with a minimum point at approximately (0,−1). The graph crosses the x-axis at approximately x=−1 and x=1.]
	[image: The graph of a straight line with positive gradient passing through the origin. The line increases from left to right and crosses the x-axis and y-axis at (0,0).]
	[image: The graph of a horizontal straight line at y=2. The line is parallel to the x-axis and does not cross either axis shown.]

	[image: The graph of a quartic function with both ends decreasing. The graph has local maximum points near x=−1.5 and x=1.5, and a local minimum point at approximately (0,−2). The graph crosses the x-axis at approximately x=−2, x=−1, x=1 and x=2.]
	[image: The graph of a cubic function with a local minimum at approximately (−1,−3) and a local maximum at approximately (1,3). The graph crosses the x-axis at approximately x=−1.7, x=0 and x=1.7.]
	[image: The graph of a negative parabola with a maximum point at approximately (0,5). The graph crosses the x-axis once between x=−1 and x=0, and once between x=0 and x=1.]

	[image: The graph of a cubic-like function with a horizontal point of inflection at the origin. The graph decreases through (0,0), reaches a local minimum near x=1.5, then increases and crosses the x-axis again at approximately x=2.]
	[image: The graph of a cubic function with a local maximum at the origin and a local minimum at approximately (1,−2). The graph touches the x-axis at (0,0), then decreases before increasing and crossing the x-axis again between x=1 and x=2.]
	[image: The graph of a positive parabola with a minimum point at approximately (0.5,−3). The graph crosses the x-axis at approximately x=0 and x=1.]

	[image: The graph of a cubic function with a local minimum near (−1.3,−2) and a local maximum near (0.5,1). The graph crosses the x-axis at approximately x=−2, x=0 and x=1.2.]
	[image: The graph of a negative parabola with a maximum point just left of the y-axis at approximately (−0.3,2.5). The graph crosses the x-axis once between x=−1 and x=0, and once between x=0 and x=1.]
	[image: The graph of a straight line with negative gradient. The line decreases from left to right and crosses the y-axis at approximately (0,−2).]

	[image: The graph of a cubic function with a local maximum at approximately (0,2) and a local minimum at approximately (2,−2). The graph crosses the x-axis once between x=−1 and x=0, once between x=0 and x=1, and once between x=2 and x=3.]
	[image: The graph of a positive parabola with a minimum point at approximately (1,−3). The graph crosses the x-axis at approximately x=0 and x=2.]
	[image: The graph of a straight line with positive gradient. The line increases from left to right and crosses the y-axis at approximately (0,−6), and crosses the x-axis at approximately x=1.]

	[image: The graph of a polynomial function with multiple turning points. The graph decreases to a local minimum near (−0.5,−4.5), increases to a local maximum near (0.5,2), decreases to touch the x-axis near x=2, continues to a small local minimum below the x-axis near x=2.7, then increases steeply.]
	[image: The graph of a polynomial function with multiple turning points. The graph rises to a high local maximum just left of the y-axis, decreases through the y-axis, crosses the x-axis between x=0 and x=1, reaches a local minimum below the x-axis, then rises to touch the x-axis near x=2. It then dips slightly below the x-axis before increasing steeply.]
	[image: The graph of a polynomial function with multiple turning points. The graph decreases steeply to a local minimum below y=−10 just to the right of the y-axis, then increases to a local maximum above the x-axis, decreases to a local minimum below the x-axis, and then increases steeply again.]




Appendix E – Less, same, more 
[image: A completed 3-by-3 comparison grid classifying nine graphs by their first and second derivatives at x = 2. The columns show whether the first derivative is less, the same or more than that of the reference graph, while the rows show whether the second derivative is less, the same or more. Each cell contains a red curve with a marked point at x = 2. The centre cell shows the reference graph passing through (2,2). The top row contains concave-down graphs, the middle row contains graphs with the same concavity as the reference, and the bottom row contains concave-up graphs. Across each row, the gradient at x=2 increases from left to right.] 
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