
Introduction to the second derivative
Students will develop their understanding of the second derivative as the gradient function of the first derivative and interpret its features in relation to the concavity of a function from a graph.
Students will need at least one digital device per pair to interact with Amplify Classroom during this lesson. 
The learning intentions and success criteria will be shared at the conclusion of the ‘Activating prior knowledge’ section of the learning episode.
Learning intentions
To understand how the second derivative describes the behaviour of a function.
To be able to find and represent the second derivative graphically and algebraically.
Success criteria
I can interpret the second derivative as the gradient function of the first derivative.
I can use repeated differentiation to find the second derivative of a function.
I can represent the second derivative as or.
I can identify points of inflection by determining where concavity of a function changes.


Outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01  
applies calculus to graph functions and model and solve problems involving optimisation, rates of change and motion in a line MAV-12-06
Content
Turning points, inflections and graphing
Use repeated differentiation to find second derivatives of a function , denoting them by  or   or  
Interpret the second derivative  as the gradient function of the first derivative , and deduce that if  the curve is concave up and if  the curve is concave down
Define a point of inflection on a curve as a point where the concavity changes
Graph  and  for a function , given only a graph of 
Mathematics Advanced 11–12 Syllabus © NSW Education Standards Authority (NESA) for and on behalf of the Crown in right of the State of New South Wales, 2024.

NSW Department of Education	[image: NSW Government logo.]

Introduction to the second derivative | 2

education.nsw.gov.au
© NSW Department of Education, Sep-26	[image: Creative Commons Attribution license logo.]
Table 1: lesson summary
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Activating prior knowledge
	Students use mini whiteboards to match graphs to information about gradient and stationary points on slides 3–4 of the PowerPoint Introduction to the second derivative. They consider when the information provided is sufficient to identify a graph and when more information is required. The learning intentions and success criteria are introduced on slide 5.
	Mini whiteboards
	The aim of this activity is to activate students’ prior understanding of gradient, stationary points and other key graph features. Students begin to recognise that information about the first derivative can describe some features of a function, but may not always be sufficient to distinguish between possible graphs.

	Connecting learning
	Students sketch the first derivative and then the derivative of the first derivative in Appendix A, using the graphs displayed on slide 7. Students use screens 1–6 of the Amplify Classroom activity (bit.ly/introsecondderiv) to explore relationships between  and  
	Pose-Pause-Pounce-Bounce
Notice and wonder
Think-Pair-Share
	Students develop an understanding of the second derivative as the gradient function of the first derivative. Emphasise that  when  is increasing and  when  is decreasing. Students connect the sign of the second derivative to the concavity of the original function and recognise that a point of inflection occurs where concavity changes.

	Releasing responsibility
	Students connect their informal descriptions of concavity to the formal NESA definitions on slide 10. Students complete Appendix B to identify parts of graphs that are concave up or concave down. Slide 11 can be used to reveal the answers. Use slide 12 to identify a point of inflection and slide 13 to show the different notations used to represent the second derivative. Using slide 14, students identify the graph types represented by ) and  then repeatedly differentiate the given function to confirm the graphical relationships. Use slides 15–16 to model a worked example of determining the sign of the derivative and then use Appendix C to complete a scavenger hunt for students to practise finding the second derivative.
	Think-Pair Share
Mini whiteboards
Pose-Pause-Pounce-Bounce
Scavenger hunt
Visibly random groups of 3
	Students formalise the relationship between the original function and its first and second derivatives, both graphically and algebraically. Emphasise that repeated differentiation can be used to determine  and that the degree of the leading  term for functions of the form  decreases by one with each differentiation, until reaching a constant.
Ensure students understand the difference between a horizontal point of inflection and a point of inflection.

	Independent practice
	Students complete the HSC-style questions in Appendix D by using the graph of  to determine whether the first and second derivatives are positive, zero or negative at selected -values. Students may first sketch  and to support their reasoning. Completed derivative graphs and tables are displayed on slides
15–18.
	
	Students apply their understanding of gradient and concavity to interpret the signs of the first and second derivatives from a graph. This provides an opportunity to identify misconceptions, including confusing the value of the function with the value of its derivative, or confusing increasing and decreasing behaviour with concave-up and concave-down behaviour.
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Activity structure
Please use the associated PowerPoint Introduction to the second derivative to display images in this lesson.
Activating prior knowledge
1. Display slide 3 of the PowerPoint and using mini whiteboards (bit.ly/miniwhiteboards) have students record their answers for which graph matches the table. To check for understanding, ask students to show their answers simultaneously.
Discuss with the class that A and C are the only 2 graphs with positive gradients at  and , however C is the only graph with a stationary point at . Animate to display the solution.
1. Display slide 4 and have students consider the new information in the table. Ask students to record their answer on their mini whiteboards and then show their answers simultaneously.
1. Animate the slide to reveal that A and C are both correct for the given table.
1. Use the Pose-Pause-Pounce-Bounce questioning strategy (bit.ly/P-P-P-B) to identify what else we would need to know to distinguish between graph A and graph C.
1. Display slide 5 to reveal the learning intentions and success criteria, informing students that they will be introduced to the second derivative and explore how it provides additional information about the behaviour of a function, helping them sketch more accurate graphs and interpret features of given graphs.
Connecting learning
1. Provide students with a copy of Appendix A ‘Sketching derivatives’. Ask them to draw a sketch of the first derivative of the given function.
1. Use the Pose-Pause-Pounce-Bounce questioning strategy (bit.ly/P-P-P-B) to initiate a class discussion around the connection between the graph of the function and its derivative. Possible prompts include: 
How does the graph of  represent the 2 stationary points located on the graph ?
How does the graph of  show a change from a positive gradient to a negative gradient on the graph of ?
Why can  be above the -axis while  is below the -axis, for the same values of ?
1. Continuing Appendix A, ask students to use the graph of  to sketch the graph of its derivative on the final set of axes.
1. Display slide 7 revealing the graphs they should have drawn in Appendix A. Initiate a class discussion about what we may call the final graph. Animate to reveal it is called the second derivative and it is the gradient function of the first derivative. 
Students may have different sketches from the sample response. Encourage students to focus on the key features and relationships between the graphs rather than the exact shape. Different sketches may be valid if they show the same important features, such as -intercepts and intervals where the graph is above or below the -axis.
1. Use a notice and wonder (bit.ly/noticewonderstrategy) activity to generate a discussion about the relationship between the graphs of  and the graph of the second derivative.
Students may notice that the stationary point of  has the same  value as the -intercept on the graph of the second derivative. They may notice the graph of the second derivative is above the -axis when the graph of the first derivative is increasing. They may wonder what the graph of the second derivative tells us about .
1. With at least one device per pair, assign the Amplify Classroom activity ‘Introduction to the second derivative’ (bit.ly/introsecondderiv) for students to complete screens 1–3. They will consider the relationship between a function and its derivative functions.
Before completing this activity, you will need to set up an Amplify Classroom (bit.ly/createamplifyclassroom). Amplify Classroom provides the opportunity for immediate feedback as well as tailored feedback from the teacher as students’ progress.
1. Extend the pacing to screen 4, where students will sketch the first and second derivatives, given a graph. Explain to students that after checking their graphs, they need to press the reset button below the graphs and clear their sketches using the red X button on the toolbar, before progressing to the next graph. 
1. Extend the pacing of the Amplify activity to screens 5 and 6. Use these screens to develop the understanding that the concavity of  changes when the graph of the second derivative crosses the -axis.
1. Display slide 8 and use the graphs and the prompts on the slide to guide a Think-Pair-Share (bit.ly/thinkpairsharestrategy), linking the graphs with the concavity descriptions.
Students should recognise that the blue section of the graph of the second derivative is below the -axis for the same values as the blue section of the graph of . They should be able to recognise that they would say the orange section is concave up and the graph of the second derivative is above the -axis for the same values of .
Releasing responsibility
1. Display slide 10 and have students read the NESA definition of ‘concave up’ and look at the examples of what is and what is not concave up.
1. Use the Pose-Pause-Pounce-Bounce questioning strategy to ensure understanding of the definition and how the pictures support the definition. Useful question prompts may include:
Why would a parabola with a minimum turning point always be concave up?
Why is the curve shaped like a W not concave up?
Students may need to be reminded that a chord is an interval joining 2 points. Students should recognise that for a parabola, no matter which 2 points we choose, the curve between them stays below the chord joining them. Students should recognise that the curve shaped like a W is not always concave up because we can find 2 points on the curve where the curve goes above the straight line joining those points.
Ask students if they can predict the definition of ‘concave down’, using mini whiteboards to draw some examples.
1. Animate the slide to display the definition of concave down, with some examples of what is and what is not concave down and compare their predictions with the examples.
1. Distribute a copy of Appendix B ‘Concavity’ to students and ask them to work in pairs to identify the parts of the graphs that are concave up or concave down.
1. Use the Pose-Pause-Pounce-Bounce questioning strategy to discuss the concavity of the graphs and how they decided which parts were concave up and which parts were concave down.
1. Display slide 11 to reveal the graphs with shading used to show where the graphs are concave up or down.
1. Animate the slide to reveal a graph of the second derivative and ask students to determine which of the shaded graphs links to the graph of the second derivative, recording their thoughts on their mini whiteboards.
Students should recognise that the graph of the second derivative shows that the concavity changes from positive to negative, which matches graph C.
1. Explain to students how the graph of the second derivative represents a change in concavity.
Highlight that the graph of the second derivative goes from positive to negative, showing that the concavity changes, and when the graph passes through the -axis the concavity is zero. 
1. Display slide 12 and draw attention to the point (1,5). 
1. Explain that where the blue section of the graph, which is concave down, meets the orange section, which is concave up, is called a point of inflection. 
1. Animate slide 12 to show the definition and ask students to use their mini whiteboards to draw a graph of the second derivative, marking the point of inflection on their drawing.
1. Display slide 13 showing the notations  for the first derivative and  for the second derivative.
1. In a Think-Pair-Share, ask students to consider other function notation they know and what they think the corresponding notation may be for the second derivative.
1. Animate slide 13 to confirm the different notations. 
1. Display slide 14 which shows the completed graphs from Appendix A with the equation of the function  and ask students, using their mini whiteboards, to differentiate the function twice and confirm whether this matches the type of graph shown. 
1. Animate the slide to reveal the functions for  and
1. Display slides 15–16 to complete the worked example (Your turn) (bit.ly/supportingstrategies).
1. Assign students to visibly random groups of 3 (bit.ly/visiblegroups) to complete the scavenger hunt task from Appendix C ‘Scavenger hunt’.
Print one set of question cards, separate each card and place the cards around the room. A vertical non-permanent surface could be useful at each card to assist the groups with their calculations and collaboration. Each group should start at one of the cards. The students work in their groups of 3 to solve the problem.
Once a group has solved the problem, they need to move around the room to find their solution on another card. Once they have found their solution, they should solve the question attached to the solution and repeat the process. The activity is finished once the group returns to their original card.
The set of cards contains 10 questions. The appendix shows the cards in order so that the solution to one question is printed at the top of the next card. Teachers may choose to use fewer questions in the scavenger hunt or stop the activity before each group has completed all questions.
Independent practice
1. Distribute Appendix D, ‘HSC style questions’, and ask students to complete the table in each question. Students may benefit from first sketching the graphs of  and  
1. Display slides 18–21 which show the graphs of  and  and the completed tables.


Assessment and differentiation
Suggested opportunities for differentiation
Activating prior knowledge 
Display or annotate the relevant -values on the graphs for students who need support identifying gradients and stationary points.
Ask students to explain what additional information would be needed to distinguish between 2 graphs that satisfy the same first derivative conditions.
Connecting learning 
Provide a scaffolded version of Appendix A for students who need support sketching derivative graphs. This could include marked -values where stationary points or intercepts occur or partially completed graphs. 
Ask students to explain why the second derivative being equal to zero is necessary but not sufficient for a point of inflection, using the relationship between  and 
Releasing responsibility
During repeated differentiation, provide partially completed examples or a reminder of the power rule for students who require additional support.
Teachers may reduce the number of scavenger hunt questions for students who need additional time, or direct groups to selected cards that provide an appropriate level of challenge.
Extend students by including functions requiring previously learned differentiation techniques such as the product rule, quotient rule or chain rule.
Independent practice
Provide a scaffolded version of Appendix C with selected points marked on the graph and prompts such as, ‘Is the gradient positive, zero or negative?’ and ‘Is the gradient increasing or decreasing?’
Extend students by asking them to justify each response using the behaviour of the graph, rather than recording only positive, zero or negative.
Suggested opportunities for assessment
Activating prior knowledge 
Use mini whiteboard responses on slides 3–4 to assess whether students can interpret information about gradient and stationary points and match this information to a graph.
Listen to student explanations to assess whether they use appropriate language relating to positive and negative gradients, stationary points and -values.
Connecting learning 
Use the Amplify Classroom teacher dashboard to monitor students’ understanding of the relationships between and.
Use student explanations during the discussion of slide 8 to assess whether they can distinguish between concave-up and concave-down behaviour and describe these ideas in their own words.
Releasing responsibility
Observe students during the scavenger hunt to assess their fluency with repeated differentiation, their selection and application of differentiation rules, and their ability to check whether an answer matches another card.
Independent practice
Review students’ completed tables in Appendix D to assess whether they can determine the signs of  and  from the graph of 
During class discussion, ask students to justify selected responses to assess whether they can communicate the difference between increasing or decreasing behaviour and concave-up or concave-down behaviour.


[bookmark: _Appendix_A]Appendix A 
Sketching derivatives
Use the graph of  to sketch the corresponding graph of  on the middle set of axes. 
	[image: Graph of the cubic function y=f(x), shown as a red curve on a coordinate grid. The graph has a local maximum at (−1,21) and has a local minimum at (3,−11).]
	[image: A blank Cartesian plane.]

	[image: A blank Cartesian plane.]





[bookmark: _Appendix_B]Appendix B 
Concavity
Label the parts of each curve that are concave up or concave down.A


D
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[bookmark: _Appendix_C]Appendix C 
Scavenger hunt
	


	



	


	



	


	



	


	



	


	





[bookmark: _Appendix_D]Appendix D 
HSC-style questions
Question 1
[image: The graph of a red function with x-intercepts at approximately -2, 0 and 2. The graph has a local minimum near x = -1.5, flattens as it crosses the x-axis at x = 0, and has a local maximum near x = 1.5. The cartesian plane shows the x-axis from approximately -3 to 3 and the y-axis from approximately -3 to 3.]
Using the graph of  above, complete the following table with the words positive, zero or negative as appropriate.
	-value
	First derivative at 
	Second derivative at 

	
	
	

	
	
	

	
	
	




Question 2
[image: The graph of a red function with x-intercepts at approximately -1.5, 0 and 1.5. The graph has a local maximum near x = -1.1, flattens as it crosses the x-axis at x = 0, and has a local minimum near x = 1.1. The cartesian plane shows the x-axis from approximately -2 to 2 and the y-axis from approximately -3 to 3.]
Using the graph of  above, complete the following table with the words positive, zero or negative as appropriate.
	-value
	First derivative at 
	Second derivative at 

	
	
	

	
	
	

	
	
	


Sample solutions
[image: Graph of y=f′(x), shown as a blue upward-opening parabola. The parabola crosses the x-axis at x=−1 and x=3, with a minimum point at (1,−12).][image: Graph of y=f(x), shown as a red cubic curve. The graph has a local maximum at (−1,21), passes through the labelled point (1,5), and has a local minimum at (3,−11).]Appendix A – sketching derivatives 

[image: Graph of a green increasing straight line representing the second derivative. The line crosses the y-axis at approximately −6 and the x-axis at x=1.]
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