
The first derivative and stationary points
Students apply their understanding of the first derivative to find stationary points and classify them.
Students will need at least one digital device per pair to interact with Amplify Classroom during this lesson.
Learning intentions
To be able to classify stationary points as either local minimum, local maximum or horizontal points of inflection.
To understand how the first derivative can be used to classify stationary points.
Success criteria
I can identify stationary points from the graph of a function.
I can find stationary points algebraically by letting the first derivative equal zero.
I can use the sign of  to classify stationary points.


Outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01  
applies calculus to graph functions and model and solve problems involving optimisation, rates of change and motion in a line MAV-12-06
Content
Turning points, inflections and graphing
Analyse the stationary points of a function by testing values for , then classify the stationary points as local minima or local maxima where gradients change around the point, or horizontal points of inflection where gradients have the same sign on both sides of the point
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Table 1: lesson summary
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Activating prior knowledge
	Use slide 4 of the PowerPoint The first derivative and stationary points to analyse a graph and identify its features. Use slide 5 to generate a discussion about the graph of a function and the graph of its derivative.
	Think-Pair-Share
Notice and wonder
	Consider how the first derivative can be used to locate and identify stationary points.

	Connecting learning
	Direct students to complete the Amplify Classroom activity (bit.ly/classifypoints) to investigate how the sign of the gradient around a stationary point can be used to classify stationary points.
	Pose-Pause-Pounce-Bounce
	Recognise that the sign of the gradient of the tangent to the curve around a stationary point can be used to classify stationary points.

	Releasing responsibility
	Use slides 7–8 to define key terms, distinguish between turning points and stationary points, and classify points using the definitions. Students then consolidate their understanding by interpreting the tables in Appendix A, discussing how they can use the information provided to classify stationary points. Use slides 9–12 to model worked examples of how to classify stationary points. Students then use Appendix B to create scaffolded notes on how to classify stationary points. They consider an incorrect example on slide 13, then respond to true/false statements on slide 14 and consider the table on slide 15 to decide which graph matches the table.
	Think-Pair-Share
Pose-Pause-Pounce-Bounce
Worked examples (Your turn)
	Formalise the process of how to find stationary points and interpret the sign of the gradient of the tangent to the curve around the point to distinguish local maxima, local minima and horizontal points of inflection.
A common error is that students substitute the -value of the stationary point into instead of , resulting in the gradient rather than the -coordinate of the stationary point being found.

	Independent practice
	Students complete the HSC-style questions in Appendix C and identify why knowing if a function is even or odd can help them to find and classify stationary points. 
	Pose-Pause-Pounce-Bounce
	Ensure students are following the correct steps, showing sufficient working and effectively answering the questions in their entirety.
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Activity structure
Please use the associated PowerPoint The first derivative and stationary points to display images in this lesson.
Activating prior knowledge
Display slide 4 and use a Think-Pair-Share () for students to look at the graph and identify the stationary points, when the graph is increasing, when it is decreasing and how they know.
Students learnt to identify values of  for which a function was increasing and/or decreasing in the Mathematics Advanced 11–12 Syllabus outcome MAV-11-06.
Students should identify that the gradient of the tangent to the curve is positive where a function is increasing, and negative where a function is decreasing. They should identify that the stationary points are points where the gradient of the tangent to the curve is zero.
Display slide 5, which shows a graph of a function and the graph of its derivative and use a notice and wonder (bit.ly/noticewonderstrategy) activity to generate a discussion about the graphs.
Students may identify that the graph of shows that stationary points occur at  and , the graph is increasing for  and  and the graph is decreasing for . The graph of  shows that the gradient is equal to  at  and , positive for  and  and negative for .
Students learnt to graph  for a given graph of a function  in the Mathematics Advanced 11–12 Syllabus outcome MAV-11-06.
Connecting learning
1. With at least one device per pair of students, assign the Amplify Classroom activity ‘Classifying stationary points’ (bit.ly/classifypoints) for students to complete.
Before completing this activity, you will need to set up an Amplify Classroom (bit.ly/createamplifyclassroom).
Amplify Classroom provides the opportunity for immediate feedback as well as tailored feedback from the teacher as students’ progress.
1. Once students have finished the Amplify Classroom activity, use the Pose-Pause-Pounce-Bounce (bit.ly/P-P-P-B) questioning strategy to discuss what they noticed about the stationary points in the activity. Useful question prompts may include:
What do you notice about the value of the gradient of the tangent to a curve at a stationary point that is a turning point?
How can we use the sign of the gradient of the tangent to a curve to classify a stationary point?
Note that local maximum and local minimum have not yet been defined. However, students can still describe the types of stationary points using informal language.
Releasing responsibility
1. Display slide 7 and use a Think-Pair-Share for students to consider the differences between a turning point and a stationary point.
Students should be able to describe that a turning point is a point where the gradient of a graph changes direction. Not all turning points are stationary points and not all stationary points are turning points. An absolute value graph has a turning point, but it does not have a stationary point.
1. Display slide 8 to use the definitions to determine which point on the graph is the local maximum, the local minimum and the horizontal point of inflection. 
A turning point is either a local maxima or minima. However, not all stationary points are local maxima or minima. A stationary point, where the sign of the derivative does not change, is a horizontal point of inflection.
1. Lead a discussion around how the definitions for local maximum and local minimum consider function values whilst in the Amplify Classroom activity, the sign of the gradient was used to determine local maxima and local minima.
1. Distribute a copy of Appendix A ‘Table of the derivative’ and ask students to work in pairs to complete it by classifying the stationary points.
1. Use the Pose-Pause-Pounce-Bounce questioning strategy to discuss how we can identify stationary points as local minima, local maxima or horizontal points of inflection using a table for the sign of the derivative. Useful question prompts may include:
What information helps us recognise a local maxima or minima?
How can we recognise when there is a horizontal point of inflection?
Use slides 9–12 to model worked examples of finding stationary points and testing values for  to classify the stationary points using the Worked examples (Your turn) method (bit.ly/supportingstrategies).
Display slide 13 and use a Think-Pair-Share for students to determine how they would explain why Jed is incorrect.
Students should recognise that the coordinates of the local maximum are found by substituting the value of the -coordinate into the equation of  to recognise that the local maximum is at .
Animate the slide to show students the graph of  to verify that the local maximum is not at the origin.
Distribute Appendix B ‘Scaffolded notes’ and ask students to complete the appendix by using each graph to fill in the table below it, classify the stationary point in each graph as a local maximum, a local minimum or a horizontal point of inflection and add notes to remember.
Display slide 14 and tell students they are going to be shown statements, and they will need to decide if the statement is true or false. Ask them to use a ‘thumbs up’ if they believe the statement is true and a ‘thumbs down’ if they believe it is false.
Animate the slide to reveal the first statement and ask students to indicate whether they believe the statement is true or false. Continue to animate the slide to show 3 statements and an indication of whether each statement is true or false, pausing to discuss each statement and identifying any misconceptions.
Display slide 15 and ask students to indicate, by holding up 1, 2 or 3 fingers, which graph they believe is represented by the table of signs, asking them to use reasoning to justify their decision.
Students should recognise that Graph 2 is the correct answer.
Independent practice
1. Distribute Appendix C ‘HSC-style questions’ and ask students to complete.
Use the Pose-Pause-Pounce-Bounce questioning strategy to discuss how knowing if a function is odd or even can support the process of finding stationary points and classifying them. Useful question prompts may include:
What do we know about odd and even functions?
How does knowing if a function is odd or even help us to classify stationary points?
Students should recognise that knowing if a function is odd or even can help find and classify stationary points by using the symmetry of the function.


Assessment and differentiation
Suggested opportunities for differentiation
Activating prior knowledge 
Add animations to slide 4 to highlight the sections of the graph that show a stationary point, where the function is increasing and where it is decreasing.
Extend students by asking them to state the domain of the function for where the function is increasing and where it is decreasing.
Encourage students to sketch small tangent lines at several points on the graph to help determine whether the gradient is positive, negative or zero.
Connecting learning 
Adjust the Amplify Classroom activity pacing to draw out the value of the gradient at stationary points and support students’ understanding that a positive gradient of the tangent will result in a value of  that lies above the -axis.
Releasing responsibility
Support students by having them refer to the Amplify Classroom activity as they complete Appendix A.
Prompt students to annotate each graph by identifying where the gradient is positive, negative and zero before classifying the stationary point in Appendix B.
Use mini whiteboards to show an example of when the statements are false.
Independent practice
Extend students by asking them to identify additional information that would allow a more accurate sketch of the function, such as intercepts or end behaviour.

Suggested opportunities for assessment
Activating prior knowledge 
Monitor student responses during the Think-Pair-Share discussion to assess whether students can identify increasing and decreasing intervals and stationary points from a graph.
Use targeted questioning to assess whether students can connect positive and negative gradient values with increasing and decreasing behaviour.
Connecting learning 
Observe students' responses during the Amplify Classroom activity and pair discussions to determine whether they correctly relate changes in the sign of the derivative to the classification of stationary points.
Releasing responsibility
Review students’ completed Appendix A to check that they accurately interpret the sign table and classify each stationary point.
Observe students as they complete Appendix B to determine whether they can independently interpret the sign of the gradient and correctly classify stationary points.
Use responses during the true or false activity to identify misconceptions about the relationship between the sign of the derivative and the classification of stationary points.
Independent practice
Monitor students’ solutions to determine whether they can find stationary points and correctly classify their nature using the derivative.
Use targeted questioning during the Pose-Pause-Pounce-Bounce discussion to assess students' understanding of how symmetry can support the identification and classification of stationary points.


[bookmark: _Appendix_A]Appendix A 
Table of the derivative
Use the sign of the derivative in each table to classify the stationary points.
1. Determine whether the curve  has a local maximum, a local minimum or a horizontal point of inflection at .
	
	
	
	

	
	
	
	


Classify the stationary points at  and  as a local maximum, a local minimum or a horizontal point of inflection.
	
	
	
	
	
	

	
	
	
	
	
	


1. Determine the nature of the stationary points for the curve  at  and 
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[bookmark: _Appendix_B]Appendix B 
Scaffolded notes
Use each of the graphs to complete the table for the sign of the derivative below it and then classify the stationary point.
	[image: A black and white graph of the parabola y=x squared plus 2x minus 3. The graph has a local minimum at (-1,-4) which is highlighted with a red point.]
	[image: A black and white graph of the parabola y = negative x squared plus 2x plus 5. The graph has a local maximum at (1,6) which is highlighted with a red point.]
	[image: A black and white graph of the  cubic curve y = x cubed minus 3 x squared plus 3x. The graph has a horizontal point of inflection at (1,1) which is highlighted with a red point.]
	[image: A black and white graph of the  cubic curve y = negative x cubed plus 6 x squared minus 12x plus 8. The graph has a horizontal point of inflection at (2,0) which is highlighted with a red point.]

	[image: A table for the sign of the derivative. The table has 2 rows and 4 columns. The top row is labelled x in the first column. The top row is labelled f'(x) in the first column. The rest of the table is blank.]
	[image: A table for the sign of the derivative. The table has 2 rows and 4 columns. The top row is labelled x in the first column. The top row is labelled f'(x) in the first column. The rest of the table is blank.]
	[image: A table for the sign of the derivative. The table has 2 rows and 4 columns. The top row is labelled x in the first column. The top row is labelled f'(x) in the first column. The rest of the table is blank.]
	[image: A table for the sign of the derivative. The table has 2 rows and 4 columns. The top row is labelled x in the first column. The top row is labelled f'(x) in the first column. The rest of the table is blank.]

	The stationary point is a:
	The stationary point is a:
	The stationary point is a:
	The stationary point is a:

	Notes:
	Notes:
	Notes:
	Notes:
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HSC-style questions
1. Let 𝑓. Find the coordinates of the stationary points of  and determine their nature.
Consider the function .
1. Show that 
1. Find the coordinates of the stationary points of the function and determine their nature.
Let . Find the coordinates of the stationary points of  and determine their nature.
Let . Find the stationary points of the function and determine their nature.
Consider the function .
1. Show that  is an even function.
1. Find the stationary points of the function and determine their nature.
Let .
1. Show that  is an odd function.
Find the stationary points of the function and determine their nature.

Sample solutions
Appendix A – table of the derivative
1. There is a local maximum at .
1. There is a local minimum at  and a local maximum at .
1. There is a local maximum at , a horizontal point of inflection at  and a local minimum at .



Appendix B – scaffolded notes
	[image: A black and white graph of the parabola y=x squared plus 2x minus 3. The graph has a local minimum at (-1,-4) which is highlighted with a red point.]
	[image: A black and white graph of the parabola y = negative x squared plus 2x plus 5. The graph has a local maximum at (1,6) which is highlighted with a red point.]
	[image: A black and white graph of the  cubic curve y = x cubed minus 3 x squared plus 3x. The graph has a horizontal point of inflection at (1,1) which is highlighted with a red point.]
	[image: A black and white graph of the  cubic curve y = negative x cubed plus 6 x squared minus 12x plus 8. The graph has a horizontal point of inflection at (2,0) which is highlighted with a red point.]

	[image: A table for the sign of the derivative. The table has 2 rows and 4 columns. The top row is labelled x in the first column, then has values of -2, -1 and 0 in the next 3 columns. The bottom row is labelled f'(x) in the first column and uses inequality symbols and equal signs to indicate that at x=-2, the gradient is negative, at x=-1, the gradient is zero and at x=0, the gradient is positive.]
	[image: The top row is labelled x in the first column, then has values of 0, 1 and 2 in the next 3 columns. The bottom row is labelled f'(x) in the first column and uses inequality symbols and equal signs to indicate that at x=0, the gradient is positive, at x=1, the gradient is zero and at x=2, the gradient is negative.]
	[image: The top row is labelled x in the first column, then has values of 0, 1 and 2 in the next 3 columns. The bottom row is labelled f'(x) in the first column and uses inequality symbols and equal signs to indicate that at x=0, the gradient is positive, at x=1, the gradient is zero and at x=2, the gradient is positive.]
	[image: The top row is labelled x in the first column, then has values of 1, 2 and 3 in the next 3 columns. The bottom row is labelled f'(x) in the first column and uses inequality symbols and equal signs to indicate that at x=1, the gradient is negative, at x=2, the gradient is zero and at x=3, the gradient is negative.]

	The stationary point is a:
local minimum.
	The stationary point is a:
local maximum.
	The stationary point is a:
horizontal point of inflection.
	The stationary point is a:
horizontal point of inflection.

	Notes:
	Notes:
	Notes:
	Notes:




Appendix C – HSC-style questions
1. 𝑓.
Stationary points, let .
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Test  at .
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	





A local maximum occurs at .
A local minimum occurs at  and .
.
1. 
Let , 


Test at 
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	





Stationary points occur at .
A local maximum occurs at  and local minima occur at  and .
.

Let ,


Test  at .
	
	
	
	
	
	

	
	
	
	
	
	




A horizontal point of inflection occurs at .
A local minimum occurs at .


Let ,



Test at 
	
	
	
	
	
	

	
	
	
	
	
	




 A horizontal point of inflection occurs at  and a local maximum occurs at .
.
1. 
 Function is even.
1. Let ,



Test at , 
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 A local maximum occurs at  and, since function is even, another local maximum occurs at .
A local minimum occurs at .

1. 

 Function is odd.
Let ,


Test at 
	
	
	
	

	
	
	
	



 A local minimum occurs at  and, since the function is odd, a local maximum occurs at .
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