
Differentiating sine and cosine functions
Students use graphs of  and  to determine their derivatives and then apply the chain rule to differentiate sine and cosine functions. Students apply differentiation rules to differentiate functions involving sine and cosine in a variety of forms.
Learning intention
To be able to apply differentiation rules to functions involving  and .
Success criteria
I can determine  and  using graphs.
I can differentiate functions involving  and  using the chain rule.
I can differentiate functions using the product, quotient and chain rules, including when they contain sine and cosine functions. 


Outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01  
selects and applies differentiation methods to solve problems MAV-12-04
Content
Differentiation with trigonometric functions
Determine the formulas and  informally by using the graphs of  and  and verify with graphing applications
Use the chain rule to differentiate functions of the form ,  and 
Using derivatives
Apply the product, quotient and chain rules to differentiate functions of the form
,  or , where  and  are any of the functions within the scope of the Mathematics Advanced course
Solve problems involving equations of tangents and normals to curves involving any of the functions within the scope of the Mathematics Advanced course
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Table 1: lesson summary
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Activating prior knowledge
	Use slide 4 of the PowerPoint Differentiating sine and cosine functions for students to recall key features of , including where it is increasing, decreasing and stationary.
	Think-Pair-Share

	Emphasise the connection between the behaviour of a function and the sign of its gradient. Highlight how increasing and decreasing intervals relate to the gradient being positive or negative, and how stationary points correspond to zero gradient.

	Connecting learning
	Use Appendix A, the Desmos activity (bit.ly/SineAndCosine) and slides 6–11 for students to reason about, sketch and analyse the gradient functions of and , identify their derivatives, and develop general rules for differentiating these trigonometric functions.
	Mini whiteboards
Think-Pair-Share
Notice and wonder
Pose-Pause-Pounce-Bounce
Visibly random groups of 3
Vertical non-permanent surfaces
	Draw connections between the graph of a function and its gradient function. Highlight the periodic nature of trigonometric derivatives and how key features such as intercepts and stationary points relate between functions. Support students to generalise derivative rules for  and  using the chain rule.

	Releasing responsibility
	Use the HSC reference sheet and slides 13–17 to recall derivative rules for sine and cosine functions and model worked examples. Students use Appendix B to consolidate understanding through annotated notes.
	Worked examples (Your turn)
Notes to future forgetful selves
	Highlight key derivative rules for sine and cosine functions, including the negative sign for cosine. Draw connections between these rules and the use of product, quotient and chain rules in more complex functions.

	Independent practice
	Use Appendix C for students to complete a scavenger hunt task applying differentiation rules to functions involving exponential, logarithmic and trigonometric forms, including finding derivatives at a point and equations of tangents and normals. Students add to their notes in Appendix B.
	Scavenger hunt
	Reinforce application of the chain, product and quotient rules across different function types. Support students to interpret derivatives in context, including gradients at a point and equations of tangents and normals.
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Activity structure
Please use the associated PowerPoint Differentiating sine and cosine functions to display images in this lesson. 
Activating prior knowledge
Show students slide 4 of the PowerPoint, revealing the graph of .
In a Think-Pair-Share (), ask students to describe where the curve  is increasing, decreasing and stationary.
Students learnt to describe where functions are increasing, decreasing and stationary in Year 11 – Unit 6 – Lesson 8 – increasing and decreasing functions.
Explain to students that we don’t yet know any differentiation rules or formulas to find the derivative of sine functions, so we will start by considering the graph of its gradient function.
Connecting learning
Derivative of sine
1. Distribute a printed copy of the graph of  from Appendix A ‘Trigonometric graphs’ to each student.
1. Use the Pose-Pause-Pounce-Bounce questioning strategy (PDF 557KB) (bit.ly/posepausepouncebounce) to ask students what the graph of  could tell them about its gradient function. Prompting questions could include:
What is the gradient of the tangents drawn at the stationary points?
Where does the graph of  have the steepest gradient? 
Where will the gradient function be above or below the -axis?
Students practised identifying the expected shape of the derivative function in Year 11 – Unit 6 – Lesson 9 – graphing the derivative function. 
Students should recognise that the gradient function will be above the -axis where  is increasing, below the -axis where  is decreasing, and intersect the -axis where  has stationary points. They might also determine that the gradient function will have its greatest and least values (stationary points) where the graph of  has the steepest gradient. 
By placing a printed copy of the graph of  from Appendix A into a plastic sleeve, ask students to draw a rough sketch of the gradient function from their earlier descriptions, using the same axes and marking any key points.
Alternatively, this could be completed without plastic sleeves or on a mini whiteboard (bit.ly/miniwhiteboards).
Conduct a Think-Pair-Share asking students to share what they notice and wonder (bit.ly/noticewonderstrategy) about the shape of the graph of the gradient function.
Students should identify that like , its gradient function is periodic. The gradient function has -intercepts at  and stationary points at . They might wonder what the  values of the stationary points are.
Students may recognise at this point that the gradient function is  or . The next part of the lesson can be used to confirm this.
Explain to students that they are now going to examine the exact gradient function for .
Display the Desmos graphing calculator ‘Derivative of Sine and Cosine’ (bit.ly/SineAndCosine) for students. 
The calculator should start with ‘Derivative of Sine Animation’ selected and ‘Derivative of Cosine Animation’ deselected. 
Play the animation or manually move the slider for  to animate the red tangent to follow the path of  while tracing the gradient function in purple.
Conduct a Think-Pair-Share asking students to compare the purple gradient function with the one they drew, and to identify the equation of the gradient function.
Students should identify this as the graph of . Students graphed  in Year 11 – Unit 7 – Lesson 5 – graphing trigonometric functions. 
The function  could be graphed in the Desmos calculator to verify this relationship.
Derivative of cosine
Show students slide 6, revealing the graph of . This is also available in Appendix A.
By placing a printed copy of the graph of  from Appendix A into a plastic sleeve, ask students to draw a rough sketch of the gradient function, using the same axes and marking any key points.
Alternatively, this could be completed without plastic sleeves or on a mini whiteboard.
Conduct a Think-Pair-Share asking students to share what they notice and wonder about the shape of the graph of the gradient function.
Students should identify that like , its gradient function is also periodic. The gradient function has -intercepts at  and stationary points at . They might wonder what the  values of the stationary points are.
Explain to students that they are now going to examine the exact gradient function for .
Display the Desmos calculator ‘Derivative of Sine and Cosine’ again for students. Click the circle next to the ‘Derivative of Sine Animation’ to hide it and then click on the circle next to ‘Derivative of Cosine Animation’.
Play the animation or manually move the slider to animate the green tangent to follow the path of  while tracing the gradient function in blue.
Conduct a Think-Pair-Share asking students to compare the blue gradient function graph with the one they drew and identify the equation of the gradient function.
Students should identify this as the graph of . Students graphed  in Lesson 1 – reflections and translations of trigonometric functions. 
The function  could be graphed in the Desmos calculator to verify this relationship.
Display slide 7 to verify for students and .
Differentiating sine and cosine functions
Assign students to visibly random groups of 3 (bit.ly/visiblegroups) and position groups at vertical non-permanent surfaces (bit.ly/VNPSstrategy).
Display the 3 sine functions on slide 8 for groups to differentiate using the chain rule. Encourage students not to erase their working in between each question.
Students may need to be prompted to apply the chain rule in the form . This chain rule form was introduced to students in Year 11 – Unit 6 – Lesson 4 – the chain rule – part 2 and students have been applying the chain rule in previous lessons in this unit.
Once groups have completed the derivatives, animate slide 8 to reveal the solutions. 
Prompt groups to write a general rule for the derivative of  and compare and discuss their proposed rule with a neighbouring group.
Ask groups to apply their proposed rule to the sine function on slide 9 and verify if they have the correct answer by using the chain rule. The full solution can then be animated on slide 9.
Display the 3 cosine functions on slide 10 for groups to differentiate. After some time, animate the slide to reveal the solutions.
Prompt groups to write a general rule for the derivative of  and compare and discuss their proposed rule with a neighbouring group. Students should also discuss how this rule compares to their rule for the sine function.
Ask groups to apply their proposed rule to the cosine function on slide 11 and to verify if they have the correct answer using the chain rule. The full solution can then be animated on slide 11.
Releasing responsibility
1. Refer students to their Mathematics Advanced – HSC reference sheet and have them locate the derivatives for sine and cosine functions and compare these to their proposed rules.
1. Display slide 13, revealing the relevant formulas.
1. Use slides 14–15 to model a worked example of differentiating functions of the form  and  using the Worked examples (Your turn) method (bit.ly/supportingstrategies).
1. Following practice from an existing resource of differentiating functions of the form  and , use slides 16–17 to model a worked example of combining these derivatives with product and quotient rules. 
1. Distribute Appendix B ‘Reference sheet’, which contains the relevant section from the HSC reference sheet, for students to annotate with examples and notes to their future forgetful selves (bit.ly/notestofutureself). Students might be prompted to include notes such as:
remember the derivative for cosine has a negative sign
when to use the product, quotient or chain rules.
Independent practice
1. Students work in pairs to complete the scavenger hunt task from Appendix C ‘Using the derivative’. In this task, students apply chain, product and quotient rules to find the value of the derivative at a point for functions involving exponential, logarithm, sine and cosine. Some questions also extend students to finding the equation of a tangent or normal.
Print one set of question cards, separate each card (cutting along the bold lines), and place the cards around the room. A vertical non-permanent surface could be useful at each card to assist the students with their calculations.
Each pair should start at one of the cards. The students work in their pairs to solve the problem.
Once a pair has solved a problem, they need to move around the room to find the solution on another card. Once they have found their solution, they then solve the question attached to the solution and repeat the process.
The activity is finished once the pair returns to their original card.
Cards are printed in order so the solution to one question is the answer number on the next card.
Encourage students to add to the notes they created using Appendix B.

Assessment and differentiation
Suggested opportunities for differentiation
Activating prior knowledge 
Small tangents could be drawn at various points of the curve to support discussions around where a graph is increasing, decreasing and stationary.
Invite students to explain the relationship between the slope of the tangent and the original function in more formal mathematical language, connecting to concepts of limits and rates of change.
Connecting learning 
Prompt students to notice the key features of the gradient function graphs to support them to identify the gradient functions of  and .
Manipulate parameters in the displayed Desmos graphing calculator ‘Derivative of Sine and Cosine’ to encourage students to extend their exploration of the effects on amplitude and period for the original and gradient functions.
Releasing responsibility
Challenge students to create their own worked examples of differentiating composite functions involving sine and cosine, including multiple applications of the chain rule.
Encourage students to compare differentiation methods (chain, product, quotient rules) and compose a short summary of when each is most efficient.
Independent practice
Encourage students to write reflective summaries at the conclusion of the scavenger hunt, focusing on strategies used and difficulties encountered.


Suggested opportunities for assessment
Activating prior knowledge 
During the Think-Pair-Share, observe and note students’ ability to identify key features of graphs and use appropriate language to describe where a function is increasing, decreasing and stationary.
Connecting learning 
Use the Pose-Pause-Pounce-Bounce questioning strategy to assess students’ conceptual understanding of gradient behaviour at stationary points and intervals of increase/decrease as they respond.
Review sketches where students indicate the sign of the gradient function over intervals to check for misconceptions before moving on.
During the Think-Pair-Share, observe and note students’ ability to identify key features of graphs and gradient functions.
Monitor student predictions of the gradient functions for sine and cosine to measure conceptual growth and adjust teaching accordingly.
Releasing responsibility
Conduct live questioning during worked examples to gauge individual student understanding and address misconceptions quickly.
Review Appendix B to ensure accurate note-making and deeper conceptual connections.
Independent practice
Review students’ working on vertical non-permanent surfaces or workbooks after the activity to assess application of differentiation rules and problem-solving progression.
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Reference sheet
	Examples
	[image: A diagram titled “Differential calculus” showing chain rule results for trigonometric functions.
Top (highlighted in red): If y = sin(f(x)), then dy/dx = f′(x) × cos(f(x)).
Bottom (highlighted in blue): If y = cos(f(x)), then dy/dx = −f′(x) × sin(f(x)).]Notes
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