
Differentiating logarithmic functions
Students examine graphs of logarithmic functions and apply differentiation rules to find and prove derivatives of logarithmic functions with bases other than . They then apply these techniques to differentiate functions in a variety of forms.
Learning intention
To be able to apply differentiation rules to functions involving logarithms with bases other than .
Success criteria
I can apply the change of base rule to convert logarithmic expressions to the natural logarithm.
I can prove and use the formula .
I can use product, quotient and chain rules to differentiate functions involving logarithms.


Outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01  
selects and applies differentiation methods to solve problems MAV-12-04
Content
Differentiation with logarithmic functions
Prove and use the formula , where  is a constant and 
Using derivatives
Apply the product, quotient and chain rules to differentiate functions of the form
,  or , where  and  are any of the functions within the scope of the Mathematics Advanced course
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Table 1: lesson summary
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Activating prior knowledge
	Use the HSC reference sheet and slide 4 of the PowerPoint Differentiating logarithmic functions to recall the change of base rule and explain how logarithms can be rewritten in terms of natural logarithms, then review solutions.
	Mini whiteboards
	Reinforce the structure of the change of base rule and how it can be expressed using natural logarithms. Highlight why the base appears in both the numerator and denominator.

	Connecting learning
	Use the Desmos graphing calculator (bit.ly/DifferentiatingLogs), along with slide 6, for students to examine and determine the derivative of . Students consider the derivative for the case where .
	Mini whiteboards
Think-Pair-Share
Pose-Pause-Pounce-Bounce
	Highlight how the derivative of  leads to the derivative of  through change of base, including the role of .

	Releasing responsibility
	Use the HSC reference sheet and slide 8 to recall the derivative rule for , then use slides 9–10 to model a worked example. Students consolidate understanding through note making (Appendix A).
	Worked examples (Your turn)
Four quadrant notes
	Reinforce the derivative rule for  highlighting the role of . Emphasise common structures to support accurate differentiation.

	Independent practice
	Use Appendix B to apply differentiation through banner tasks. Students add to their notes at the completion of the banner task.
	Visibly random groups of 3
Vertical non-permanent surfaces
Banner tasks
	Emphasise application of derivative rules for expressions containing logarithmic functions in the form .
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Activity structure
Please use the associated PowerPoint Differentiating logarithmic functions to display images in this lesson. 
Activating prior knowledge
1. Refer students to their Mathematics Advanced – HSC reference sheet and have them locate the change of base rule for logarithmic functions.
1. Display slide 4 of the PowerPoint confirming the change of base rule as it appears on the reference sheet and in terms of the natural logarithm.
1. Ask students to explain how  satisfies the change of base rule.
In this case, the base , is  in both the numerator and denominator, hence satisfying the rule.
1. Distribute a mini whiteboard (bit.ly/miniwhiteboards) to each student and allow them time to answer the questions on slide 4.
1. Animate the slide to reveal the answers.
1. Ask students to write  in as many ways as they can.
Responses could include , , , , .
Connecting learning
1. Display the Desmos graphing calculator ‘Differentiating logarithmic functions’ (bit.ly/DifferentiatingLogs) showing the graphs of and .
Ask students to identify what logarithmic function is represented by .
The graph of  is equivalent to the function  expressed using the change of base rule.
Using the Desmos calculator, ask students to compare the slopes of  and  for different values of  by playing the animation or manually moving the slider for .
Select the circles beside  and  to reveal the 2 gradient functions as dashed lines and ask students to compare the gradient functions for different values of  by playing the animation or manually moving the slider for . 
Students should observe that both gradient functions are hyperbolic functions with different dilations and compare the steepness. Students could be guided to consider values of  such that , ,  and .
Explain to students that they are now going to determine the gradient function for 
With a mini whiteboard between each pair of students, display slide 6 and ask pairs to find the derivative of  using what they already know about the derivative of the natural logarithm function.
The following enabling questions can be animated one-by-one on slide 6 to guide students through the process if required:
What do you already know about the derivative of the natural logarithm function?
How can you write  in terms of the natural logarithm?
In the quotient , what does  represent?
What formula or rule can be used to differentiate the natural logarithm?
Invite pairs to share and discuss their simplified derivative with a neighbouring pair before animating slide 6 to reveal the solution and prompting questions for students to answer in a Think-Pair-Share (bit.ly/thinkpairsharestrategy).
The function could be graphed in the Desmos calculator ‘Differentiating logarithmic functions’ to show that it is equivalent to the derivative function of . 
Challenge students in their pairs to consider  for the case where  and how this relates to what they know about the derivative of the natural logarithm.
Releasing responsibility
1. Refer students to their Mathematics Advanced – HSC reference sheet and have them locate the derivative for .
1. Display slide 8, revealing the relevant formula.
1. Use slides 9–10 to model a worked example of differentiating functions of the form  using the Worked examples (Your turn) method (bit.ly/supportingstrategies).
1. Distribute Appendix A ‘Four quadrant notes’ (bit.ly/supportingstrategies) to all students to complete. Some suggested prompts for the ‘Things to remember’ section could include: 
how to remember what goes in the numerator and denominator
why the natural logarithm function appears in the derivative 
key steps or checks to avoid common errors in differentiating.
Independent practice
1. Assign students to visibly random groups of 3 (bit.ly/visiblegroups) and position groups at vertical non-permanent surfaces (bit.ly/VNPSstrategy).
1. Groups are to complete the banner task (bit.ly/supportingstrategies) using Appendix B ‘Banner tasks.’
1. Encourage students to add to their notes at the completion of the banner tasks.

Assessment and differentiation
Suggested opportunities for differentiation
Activating prior knowledge 
Allow students who need extra help to work in pairs when using mini whiteboards to answer questions; encourage peer discussion to consolidate understanding.
Ask advanced students to explore and explain the equivalence between exponential and logarithmic forms from a functional inverse perspective.
Connecting learning 
Provide guided note templates for students to record their observations on the Desmos graphs, focusing on key features such as slopes, asymptotic behaviour, and dilation effects.
Encourage students to predict and mathematically justify the behaviour of the gradient functions as  approaches special values, for example, as , , and .
Releasing responsibility
The worked examples could be annotated to emphasise the roles of the numerator and denominator and the appearance of natural logarithms in the derivative.
Allow students to verbalise their notes to a partner before writing, strengthening their conceptual understanding and recall.
Invite students to create their own worked examples involving composite functions such as  and to present them to the class.
Encourage students to critique common errors and misconceptions in differentiating logarithmic functions by creating and examining incorrect worked examples.
Independent practice
Allow students to refer to notes and worked examples while attempting banner task questions. 
Invite groups to create and explain an original banner task question involving differentiation of  that challenges their peers.

Suggested opportunities for assessment
Activating prior knowledge 
Ask students to verbally explain or write a brief explanation of the change of base rule and check for conceptual clarity and misconceptions.
Review students’ mini whiteboard work to check for correctness and understanding.
Connecting learning 
Observe pair discussions when differentiating  to identify misconceptions about the derivative of logarithmic functions and the role of .
Circulate and observe mini whiteboard work, providing immediate feedback on change of base rule application and algebraic simplification.
Observe pair discussions to assess students’ ability to explain and justify their differentiation processes and rules.
Releasing responsibility
Students could be asked to complete the Your turn questions on mini whiteboards to check for understanding and provide immediate feedback. 
Review students’ notes for completeness and accuracy, providing formative feedback where necessary.
Independent practice
Monitor group discussions and solution approaches during banner tasks to assess understanding and application of differentiation rules.
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Four quadrant notes
	Example 1



	Example 2
Find the derivative of .


	Things to remember
	Example 3
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Banner tasks
	Question
	Answer

	Differentiate .
	

	Differentiate .
	

	Differentiate .
	

	Differentiate .
	

	Differentiate .
	

	Differentiate .
	

	Differentiate .
	

	Differentiate .
	

	Differentiate .
	

	Find the gradient of the tangent to  at .
	



Sample solutions 
Appendix A – Four quadrant notes 
	Example 1



	Example 2
Find the derivative of 
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