
Differentiating natural logarithmic functions
Students examine graphs of natural logarithmic functions and apply differentiation rules to find and prove derivatives of natural logarithmic functions. They then apply these techniques to differentiate functions in a variety of forms and contexts.
Students will need at least one digital device per pair to interact with Desmos during this lesson.
Learning intention
To be able to apply differentiation rules to functions involving natural logarithms.
Success criteria
I can differentiate the natural logarithm function.
I can explain how to use the chain rule to prove the derivative of .
I can use product, quotient and chain rules to differentiate functions involving natural logarithms.
I can solve problems involving the equations of tangent and normal lines.


Outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01  
selects and applies differentiation methods to solve problems MAV-12-04
Content
Differentiation with logarithmic functions
Use chain rule on the identity  to prove the formula  for the derivative of the natural logarithm function where 
Use the chain rule to differentiate functions of the form 
Using derivatives
Apply the product, quotient and chain rules to differentiate functions of the form
,  or , where  and  are any of the functions within the scope of the Mathematics Advanced course
Solve problems involving equations of tangents and normals to curves involving any of the functions within the scope of the Mathematics Advanced course
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Table 1: lesson summary
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Activating prior knowledge
	Use slide 4 of the PowerPoint Differentiating natural logarithmic functions to recall equivalent logarithmic and exponential forms, connect logarithmic functions to their exponential counterparts, and describe key features of the graph of  to prepare for considering its gradient.
	Think-Pair-Share
	Highlight equivalence between logarithmic and exponential forms and their relationship through reflection in . Emphasise key features of , including domain, asymptote and increasing behaviour, to support reasoning about its gradient.

	Connecting learning
	Use Appendix A and the Desmos graphing calculator (https://www.desmos.com/calculator) along with slide 6, for students to sketch and analyse the gradient function of  and prove its derivative. Students use slide 6 to practise differentiating functions in the form  before using slides
8–11 to extend this reasoning to functions of the form .
	Pose-Pause-Pounce-Bounce Mini whiteboards
Think-Pair-Share
	Emphasise the connection between the graph of  and its gradient function. Use the chain rule for differentiation to determine the derivative for functions of the form . 

	Releasing responsibility
	Use the HSC reference sheet and slide 13 to recall the derivative of natural logarithmic functions, then use slides 14–15 to model worked examples. Use Appendix B to apply differentiation through banner tasks. Students consolidate understanding through note making using Appendix C.
	Worked examples (Your turn)
Visibly random groups of 3
Vertical non-permanent surfaces
Banner tasks
Four quadrant notes
	Emphasise application of derivative rules for natural logarithmic functions. Support students to apply known differentiation rules to expressions involving the natural logarithm.

	Independent practice
	Use slide 17 to review the Approaching questions scaffold, then use slide 18 for students to apply their understanding to an HSC-style question, before marking solutions using Appendix D and consolidating notes.
	Visibly random groups of 3
Vertical non-permanent surfaces
Peer feedback
	Emphasise structured problem-solving and checking processes, including interpreting solutions and applying appropriate differentiation rules. Support students to reflect on and refine their reasoning through peer feedback.
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Activity structure
Please use the associated PowerPoint Differentiating natural logarithmic functions to display images in this lesson. 
Activating prior knowledge
1. Display the graphs of  and  on slide 4 of the PowerPoint to remind students that in Year 11 they learnt that a logarithmic function is produced by reflecting the equivalent exponential function (that is, with base ) in the line .
1. In a Think-Pair-Share () ask students to describe the shape of the curve  including its domain, where it is increasing, decreasing or stationary, and any asymptotes.
Students learnt to describe where functions are increasing, decreasing and stationary in Year 11 – Unit 6 – Lesson 8 – increasing and decreasing functions. Students graphed  including its asymptote in Year 11 – Unit 8 – Lesson 4 – the logarithmic function. 
The graph of  is always increasing, with a vertical asymptote at . The domain is .
Explain to students that we don’t yet know any differentiation rules or formulas to find the derivative of logarithmic functions, so we will start by considering the graph of its gradient function.
Connecting learning
1. Distribute a copy of the graph of  from Appendix A ‘Graph’ to each student in a plastic sleeve.
1. Use the Pose-Pause-Pounce-Bounce questioning strategy (PDF 557KB) (bit.ly/posepausepouncebounce) to ask students what the graph of  could tell them about its gradient function. Prompting questions could include:
What do you notice about the gradient near the vertical asymptote ? 
Where does the graph of  have the steepest gradient? 
Where will the gradient function be above or below the -axis?
Students practised identifying the expected shape of the derivative function in Year 11 – Unit 6 – Lesson 9 – graphing the derivative function. 
Students should recognise that the gradient is very steep near the vertical asymptote. They may also notice that the gradient function will have asymptotes in the same place as the original graph, because the gradient is undefined (not differentiable). Students should recognise that the gradient function will be entirely above the -axis since the graph is always increasing, however the steepness reduces as .
1. Using their copy of Appendix A, ask students to draw a rough sketch of the gradient function from their earlier descriptions, using the same axes, and marking any key points.
Conduct a Think-Pair-Share asking students to share what they notice and wonder (bit.ly/noticewonderstrategy) about the shape of the graph of the gradient function.
Students should notice that the gradient function is entirely above the -axis with a vertical asymptote at  and that the gradient function has no -intercepts. If drawn accurately, they may notice that shape of the gradient function is hyperbolic.
Students might wonder what the equation of the gradient function is.
With at least one device between each pair of students, direct students to the Desmos graphing calculator (https://www.desmos.com/calculator) or any alternate graphing software to graph and examine the following functions:

.
If devices are not available, this can be displayed for students.
In pairs, challenge students to graph known functions, such as parabolas and exponentials, and check their similarity to  to determine the gradient function for .
Students should identify that the graph of the gradient function is equivalent to  for  as the logarithmic function has the domain .
Explain to students that we will now look at the proof that the derivative of the natural logarithm function is  where .
Display slide 6 and use a Think-Pair-Share for pairs to discuss the self-explanation prompts.
Display slide 7 and ask students to differentiate each function using the rule  .
In Year 11 MAV-11-06, students learnt the derivative of a multiple of a function is the multiple of its derivative. That is, .
Animate the slide to reveal the solutions and for students to check their answers.
Tell students that we are now going to look at functions where the input of the logarithm is more complicated, that is some function  instead of just .
Display slide 8 for students to differentiate the natural logarithm functions individually using the chain rule. This can be completed on mini whiteboards or in their workbooks. 
Use slides 9–11 to show the solutions and to draw attention to where parts of the chain rule appear in the answer.
With a mini whiteboard between each pair of students, prompt students to write a rule for the derivative of .
Releasing responsibility
1. Refer students to their Mathematics Advanced – HSC reference sheet and have them locate the derivative for natural logarithmic functions.
1. Have students compare this to the rule that they wrote for the derivative of 
1. Display slide 13, revealing the relevant formula.
1. Use slides 14–15 to model worked examples of differentiating functions of the form  using the Worked examples (Your turn) method (bit.ly/supportingstrategies).
1. Assign students to visibly random groups of 3 (bit.ly/visiblegroups) at vertical non-permanent surfaces (bit.ly/VNPSstrategy).
1. Groups are to complete the banner task (bit.ly/supportingstrategies) using Appendix B ‘Banner tasks’.
1. Distribute Appendix C ‘Four quadrant notes’ to future forgetful selves (bit.ly/supportingstrategies) to all students to complete. Some suggested prompts for the ‘Things to remember’ section could include:
how to remember what goes in the numerator and denominator
key steps or checks to avoid common errors in differentiating.
Independent practice
1. Display slide 17 to review the Approaching questions scaffold with students.
1. Returning to their groups at vertical non-permanent surfaces, students answer the HSC-style question on slide 18. 
1. On completion, distribute Appendix D ‘Solutions and marking criteria’.
1. Groups are to mark each other’s solution and give peer feedback using the TAG feedback strategy (bit.ly/DLSpeerfeedback).
1. Encourage students to add to their notes at the completion of the peer feedback.


Assessment and differentiation
Suggested opportunities for differentiation
Activating prior knowledge 
Offer guided prompts or sentence starters to support students in describing the shape of the curve. 
Connecting learning 
The use of a ruler or drawing small tangent lines on the graph of  may support students to visualise the gradient function.
Students could be provided with specific functions to graph, including , when comparing to .
Challenge students to prove the formula for the derivative of the natural logarithm function, rather than just showing them the proof.
Releasing responsibility
The worked example could be modelled using a think-aloud process to clarify the reasoning behind applying the chain rule.
Have students explore differentiation of functions such as  where  and  are more complex functions.
Encourage students to critique common errors and misconceptions in differentiating logarithmic functions by creating and examining incorrect worked examples.
Independent practice
Allow students to refer to notes and worked examples while attempting problems. 
Ask students to formulate their own HSC-style questions involving logarithmic derivatives and solve each other's problems.

Suggested opportunities for assessment
Activating prior knowledge 
Listen to students’ explanations for the behaviour and properties of , noting use of correct terminology and reasoning about domain, asymptotes and shape. 
Provide students with statements and have them sort statements as true or false, correcting the false statements. Statements could include:
 is always increasing.
The domain is all real numbers.
There is a horizontal asymptote.
Connecting learning 
Circulate and observe mini whiteboard work, providing immediate feedback on chain rule application and algebraic simplification.
Use Think-Pair-Share reflection discussions to assess students’ ability to explain and justify their differentiation processes and rules.
Releasing responsibility
Monitor group discussions and work during banner tasks to assess understanding and application of chain rule differentiation.
Students could be asked to complete the Your turn questions on mini whiteboards to check for understanding and provide immediate feedback. 
Review students’ notes for completeness and conceptual clarity to inform future teaching.
Independent practice
Circulate and listen during peer marking to assess students’ understanding of the marking criteria and correctness of solutions, noting misconceptions or gaps to review.
Collect or review some peer feedback notes to evaluate if students are providing meaningful, specific and targeted feedback rather than generic comments.
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Banner tasks
	Question
	Answer

	Differentiate .
	

	Differentiate .
	

	Differentiate .
	

	Differentiate .
	

	Differentiate .
	

	Differentiate 
	

	Differentiate .
	

	Differentiate .
	

	Differentiate .
	

	Differentiate .
	

	Differentiate .
	

	Differentiate .
	

	Differentiate .
	

	Find the gradient of the tangent to  at .
	

	Find the gradient of the tangent to 
 at .
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Four quadrant notes 
	Example 1




	Example 2
Find the derivative of 

	Things to remember
	Example 3
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Solutions and marking criteria
a) 

Tangent is parallel to , so slope is .
For :
Slope at is :

For :
Slope at  is :

At intersection, values equal: 

substitute values: 

Recall :






	Criteria
	Marks

	Provides correct solution
	4

	Finds value of , or equivalent merit
	3

	Sets one derivative equal to 2, or equivalent merit
	2

	Provides a correct derivative, or equivalent merit
	1




b) 
Point: 
Slope of tangent: 
Slope of normal: 
Equation of normal, general form:
:

Recall :

In the form :

or

	Criteria
	Marks

	Provides correct solution
	2

	Finds the correct gradient of the normal, or equivalent merit
	1




Sample solutions 
Appendix C – Four quadrant notes 
	Example 1




	Example 2
Find the derivative of .
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