
Differentiating exponential functions with base 
Students examine the graph of  and apply the differentiation rules to find and prove derivatives of exponential functions with base . They then apply these techniques to differentiate functions in a variety of forms.
Teachers may prefer students to have at least one digital device per pair to allow interaction with Desmos during this lesson.
Learning intention
To be able to apply differentiation rules to functions involving exponentials with base . 
Success criteria
I can prove and use the formula .
I can use product, quotient and chain rules to differentiate functions involving exponentials.
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Outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01  
selects and applies differentiation methods to solve problems MAV-12-04
Content
Differentiation with exponential functions
Prove and use the formula , where  is a constant and 
Using derivatives
Apply the product, quotient and chain rules to differentiate functions of the form
,  or , where  and  are any of the functions within the scope of the Mathematics Advanced course
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Table 1: lesson summary
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Activating prior knowledge
	Use the Demos calculator activity ‘Differentiating exponential functions’ (bit.ly/DifferentiatingExponentials) to explore the derivative of , linking this to dilations of the original function.
	Think-Pair-Share
	Highlight that the derivative of  is a scaled version of the original function. Emphasise how the value of  affects the dilation factor of the derivative.

	Connecting learning
	Use the prompts on slide 4 of the PowerPoint Differentiating exponential functions with base  for students to differentiate  using known properties of exponential functions.
	Mini whiteboards
	Highlight connections between exponential and logarithmic forms in deriving , including the role of .

	Releasing responsibility
	Use the Mathematics Advanced –HSC reference sheet and slide 6 to recall the derivative rule for , then use slides 7–10 to model worked examples. Students consolidate their understanding through note making.
	Worked examples (Your turn)
Notes to future forgetful self
	Highlight use of the derivative rule to differentiate the exponential . Highlight the role of  and common structures in differentiation.

	Independent practice
	Appendix A is used for a banner task activity allowing students to practise applying differentiation rules. Students add to their notes at the completion of the banner tasks.
	Visibly random groups of 3
Vertical non-permanent surfaces
Banner tasks
	Students apply learning to practise differentiating functions that contain the exponential .



Activity structure
Please use the associated PowerPoint Differentiating exponential functions with base  to display images in this lesson. 
Activating prior knowledge
1. To recall the derivative of , display the Desmos calculator ‘Differentiating exponential functions’ (bit.ly/DifferentiatingExponentials) showing the graph of  and its derivative function, .
In Year 11 – Unit 8 – Lesson 2 – Euler’s number, students examined graphs of for varying values of  as well as graphs of gradient functions to identify that  for some constant  depending only on . That is, the graph of  is a dilation of . 
1. In a Think-Pair-Share (bit.ly/thinkpairsharestrategy), ask students to describe the derivative function in relation to the graph of .
In Desmos, play the animation or manually move the slider to vary the value of . Ask students to describe the dilation as  varies and compare this to their earlier predictions. Students could specifically be asked to describe the dilation factor when  is less than and greater than .
When , the dilation factor is  and when , the dilation factor is .
Connecting learning
1. Tell students that since we know that the derivative of  is  (where  is a constant that depends only on ), we are going to use what we know about exponentials to determine the value of .
Display slide 4 and distribute a mini whiteboard (bit.ly/miniwhiteboards) to each pair of students. 
Ask pairs to find the derivative  by animating the following enabling questions one by one to guide students through the process:
How can you rewrite  using the exponential ?
Can you check this using the Mathematics Advanced – HSC reference sheet?
In the exponent , what does  represent?
What do you already know about the derivative of  ?
The Mathematics Advanced – HSC reference sheet provides the identity  and the derivative . Students applied this derivative in Lesson 5 – differentiating exponential functions with base .
Invite pairs to share and discuss their proof with a neighbouring pair before animating slide 4 once more to reveal the solution.
Graph  in the Desmos graphing calculator ‘Differentiating exponential functions’ to show that the graph of  is equivalent to the derivative function of . 
Challenge students in their pairs to consider the special case where  and how this formula applies to the derivative of .
That is,  since .
Releasing responsibility
1. Refer students to their Mathematics Advanced – HSC reference sheet and have them locate the derivative for exponential functions of base .
1. Display slide 6 to reveal the relevant derivative.
1. Use slides 7–10 to model worked examples of differentiating functions of the form  using the Worked examples (Your turn) method (bit.ly/supportingstrategies).
1. Students are to write notes to their future forgetful selves (bit.ly/notestofutureself) about differentiating , including examples. Students should be prompted to include notes about:
why  appears in the derivative of 
key steps to avoid common errors.
Independent practice
1. Assign students to visibly random groups of 3 (bit.ly/visiblegroups) at vertical non-permanent surfaces (bit.ly/VNPSstrategy).
1. Groups are to complete the banner task (bit.ly/supportingstrategies) using Appendix A ‘Banner tasks’.
1. Encourage students to add to their notes at the completion of the banner tasks.


Assessment and differentiation
Suggested opportunities for differentiation
Activating prior knowledge 
Challenge students to predict the exact form of the derivative function before using Desmos, including algebraic reasoning about why the dilation factor varies with .
To deepen the discussion further, students could be asked to predict the relationship between the base  and the instantaneous rate of change at . 
Connecting learning 
Students could be provided with a scaffolded proof template to guide students through rewriting  as  and applying the chain rule.
Invite advanced learners to generalise the approach by considering differentiating functions of the form  where  is more complex than .
Releasing responsibility
The worked examples could be modelled using a think-aloud for students requiring more structured guidance.
Encourage students to critique common errors and misconceptions in differentiating exponential functions by creating and examining incorrect worked examples.
Independent practice
Provide extension banner tasks requiring students to solve problems involving composite functions or functions of the form .
Encourage pairs or groups to create a short mini-presentation explaining their biggest insight from the task and demonstrating solutions to their peers.


Suggested opportunities for assessment
Activating prior knowledge 
Use the Think-Pair-Share discussion to assess students’ conceptual understanding of the relationship between  and its derivative, listening for correct use of terminology and reasoning.
Observe and take notes of students’ verbal descriptions during slider manipulation in Desmos, probing misconceptions about dilation factors when  and .
Connecting learning 
Observe mini whiteboard work for accuracy and completeness, providing immediate corrective feedback on chain rule application and algebraic simplification.
Circulate during the Think-Pair-Share discussions to monitor understanding of the derivative proof, asking probing questions to elicit depth of reasoning.
Releasing responsibility
Review students’ notes to future forgetful selves for understanding and to inform future teaching.
Prompt students to share their notes to future selves in small groups, allowing peer feedback.
Independent practice
Use teacher observations and questioning during the banner tasks to assess collaboration and individual conceptual clarity.
Review the completed banner tasks to identify common misconceptions and gaps, informing future targeted instruction.
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Banner tasks
	Question
	Answer

	Differentiate .
	

	Differentiate .
	

	Differentiate .
	

	Differentiate .
	

	Differentiate .
	

	Differentiate .
	

	Differentiate .
	

	Differentiate .
	

	Differentiate .
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