
Differentiating exponential functions with base 
Students examine graphs of exponential functions with base  and apply the differentiation rules to find and prove derivatives. Students apply these techniques to differentiate functions in a variety of forms and contexts.
Learning intention
To be able to apply differentiation rules to functions involving exponentials with base . 
Success criteria
I can explain how to use the chain rule to prove the derivative of .
I can apply the chain rule to find the derivative of functions in the form .
I can use product, quotient and chain rules to differentiate functions involving exponentials.
I can solve problems involving equations of tangents.
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Outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01  
selects and applies differentiation methods to solve problems MAV-12-04
Content
Differentiation with exponential functions
Apply the rules of differentiation to find the derivative of , where  and  are constants
Use the chain rule to prove , where  and  are constants and 
Use the chain rule to differentiate functions of the form 
Using derivatives
Apply the product, quotient and chain rules to differentiate functions of the form
,  or , where  and  are any of the functions within the scope of the Mathematics Advanced course
Solve problems involving equations of tangents and normals to curves involving any of the functions within the scope of the Mathematics Advanced course
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Table 1: lesson summary
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Activating prior knowledge
	Use the HSC reference sheet and slide 4 of the PowerPoint Differentiating exponential functions with base  for students to recall and apply the chain rule, then review solutions. Students recall the derivative of  and justify whether  is true.
	Mini whiteboards
Think-Pair-Share
	Reinforce the use of the chain rule for differentiation. Highlight the key steps in applying the rule within composite functions. Highlight that  is a unique value such that  is its own derivative.

	Connecting learning
	Use slides 6–7 to apply the chain rule to differentiate exponential functions with base , identify patterns and develop a general rule for  and .
	Mini whiteboards
Think-Pair-Share
	Emphasise the application of the chain rule to exponential functions of the forms  and . 

	Releasing responsibility
	Use the HSC reference sheet and slides 15 to establish the rule for exponential functions of the form  Use slides 16–19 to model worked examples and use Appendix A for students to practise using the rule. Students consolidate their understanding by writing notes using Appendix B.
	Worked examples (Your turn)
Visibly random groups of 3
Vertical non-permanent surfaces
Banner tasks
Four quadrant notes
	Emphasise the use of the chain rule for composite exponential functions.

	Independent practice
	Use slide 21 to review the Approaching questions scaffold, then use slide 22 for students to apply their understanding to an HSC-style question and reflect on their solutions, before consolidating notes.
	Visibly random groups of 3
Vertical non-permanent surfaces
	This section uses structured problem-solving involving equations of tangents and the connections between algebraic processes and the interpretation of solutions. 



Activity structure
Please use the associated PowerPoint Differentiating exponential functions with base  to display images in this lesson. 
Activating prior knowledge
Refer students to their Mathematics Advanced – HSC reference sheet and have them locate the chain rule for differentiation.
Distribute a mini whiteboard (bit.ly/miniwhiteboards) to each student and display slide 4 of the PowerPoint confirming the chain rule. Allow students time to answer question 1 on their mini whiteboard. 
Animate the slide to reveal the answers and question 2.
Allow students time to answer question 2 before animating to reveal the answers. 
The purpose of this activity is to ensure students have developed mastery of applying the chain rule for differentiation.
Connecting learning
1. Ask students what they recall about the derivative of  and what makes this exponential special.
Students should recall that Euler’s number, , is a unique number such that . That is,  is its own derivative. This was covered in Year 11 – Unit 8 – Lesson 2 – Euler’s number.
Pose the question: If  is ? Conduct a Think-Pair-Share (bit.ly/thinkpairsharestrategy) asking students to justify their reasoning.
Some students may mistakenly say yes while others may recognise that they need to apply the chain rule. Clarify that while , for  we must use the chain rule to find the derivative.
Students are to continue to use their mini whiteboards to complete the following activities.
Display the exponential  on slide 6 and ask students to write this as where  and apply the chain rule to differentiate. 
Students may need to be prompted to recognise that  is the power.
Animate slide 6 to reveal the solution. 
Display slide 7 and ask students to differentiate each function using the chain rule. As students work, they should look for any patterns that will help them to develop a rule for differentiating functions in the form .
Slides 8-11 can be used to demonstrate the solutions to each question.
Once students have completed the derivatives, ask them to compare their answers with a partner.
Using a Think-Pair-Share, direct student attention to question 3 and ask students to explain how the process for differentiating  differed to differentiating .
In Year 11 MAV-11-06, students learnt the derivative of a multiple of a function is the multiple of its derivative. That is, .
Display slide 12 and, in their pairs, prompt students to write a rule to find the derivative of  using the chain rule and then explain their rule to another pair.
Animate slide 12 to reveal a proof of  and allow students time to reflect.
Display slide 13 and ask students to once again differentiate the question using the chain rule.
Use the Pose-Pause-Pounce-Bounce questioning strategy to discuss how differentiating this function is similar to and different from the ones they have previously looked at.
Students should identify that they cannot use the same rule, because this function has a quadratic power. They should identify that the derivative of the power is multiplied by the function, making it similar to the previous rule.
Releasing responsibility
1. Refer students to their Mathematics Advanced – HSC reference sheet and have them locate the derivative for . 
Use slides 16–17 to model a worked example of differentiating functions using the rule  using the Worked examples (Your turn) method (bit.ly/supportingstrategies).
Use the self-explanation prompts for students to discuss alternative methods for solving this question.
Use slides 18–19 to model a worked example of differentiating functions using the rule .
Assign students to visibly random groups of 3 (bit.ly/visiblegroups) at vertical non-permanent surfaces (bit.ly/VNPSstrategy).
Groups are to complete the banner task (bit.ly/supportingstrategies) using Appendix A ‘Banner tasks’.
Distribute Appendix B ‘Four quadrant notes’ (bit.ly/supportingstrategies) to students and have them consolidate their learning by creating notes. 
Independent practice
1. Display slide 21 to review the Approaching questions scaffold with students.
1. Returning to their groups at vertical non-permanent surfaces, students answer the HSC-style question on slide 22.
1. Animate the slide to reveal the solution and display reflection questions for students to discuss in pairs.
1. Encourage students to add to their notes following their discussions.

Assessment and differentiation
Suggested opportunities for differentiation
Activating prior knowledge 
Students could be allowed to work in pairs or small groups to answer the questions collaboratively before sharing with the class.
To deepen understanding, students could be prompted to consider what would happen if they tried to differentiate without using the chain rule and what errors might occur.
Invite students to explore the implications of the chain rule beyond simple cases, such as nested functions. 
Connecting learning 
Use guided questions to assist students in applying the chain rule in a structured manner.
When students write the general rule for , they could be challenged to consider what happens to the derivative if either  or  is zero and how this links to what they know about .
Releasing responsibility
The worked example could be modelled using a think-aloud process to clarify the differentiation rules being used.
Encourage students to critique common errors and misconceptions in differentiating exponential functions by creating and examining incorrect worked examples.
Independent practice
Include further HSC-style questions involving tangents and normals to exponential curves with more complex functions.


Suggested opportunities for assessment
Activating prior knowledge
Review students’ written responses to the questions on slide 4 of the PowerPoint before revealing answers to gauge understanding and provide targeted feedback.
Connecting learning 
Assess students’ ability to justify why the derivative of  is not equal to , noting their use of appropriate language and understanding.
Circulate and observe student work, providing immediate feedback on chain rule application and algebraic simplification.
Use Think-Pair-Share reflection discussions to assess students’ ability to explain and justify their differentiation processes and rules.
Releasing responsibility
Monitor group discussions and work during banner tasks to assess understanding and application of chain rule differentiation.
Review students’ four quadrant notes for completeness and conceptual clarity to inform future teaching.
Independent practice
Observe partner discussions when comparing answers to assess reasoning and provide targeted intervention.
Use the reflection questions to gauge students’ metacognitive awareness and deepen understanding through discussion.


[bookmark: _Appendix_A]Appendix A 
Banner tasks
	Question
	Answer

	Differentiate .
	

	Differentiate .
	

	Differentiate .
	

	Differentiate .
	

	Differentiate .
	

	Differentiate .
	

	Differentiate .
	or 

	Differentiate .
	

	Differentiate .
	

	Differentiate .
	

	Find the gradient of the tangent to  at .
	

	Find the gradient of the tangent to  at the point .
	 or 


[bookmark: _Appendix_B]Appendix B 
Four quadrant notes
	Example 1
If find 
 

	Example 2
If find 


	Things to remember
	Example 3




Sample solutions
Appendix B – Four quadrant notes
	Example 1
If find 

	Example 2
If find 
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